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state of embedded ellipsoidal inclusions is presented that incorporates surface/interface
energies. The latter effects come into prominence at inclusion sizes in the nanometer
range. Unlike the classical elastic case, the new results for ellipsoidal inclusions incor-
porating surface/interface tension are size-dependent and thus, at least partially, account

for the size-effects in the elastic state of nano-inclusions. For the pure dilatation case,
exceptionally simple expressions are derived. The present work is a generalization of a
previous research that addresses simplified spherical inclusions. As an example, the
present work allows us, in a straightforward closed-form manner, the study of effect of
shape on the size-dependent strain state of an embedded quantum dot.
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1 Introduction

The determination of elastic states of an embedded inclusion is
of considerable importance in a wide variety of physical prob-
lems. In the classical elasticity context this problem was first
solved rigorously by [1]. The latter work, both with and without
modifications, has been employed to tackle a diverse set of prob-
lems: Localized thermal heating, residual strains, dislocation-
induced plastic strains, phase transformations, overall or effective
elastic, plastic and viscoplastic properties of composites, damage
in heterogeneous materials, quantum dots, interconnect reliability,
microstructural evolution, to name a few. The classical solution of
an embedded inclusion neglects the presence of surface or inter-
face energies and indeed, the effects of those are negligible except
in the size range of tens of nanometers, where one contends with
a significant surface-to-volume ratio. Clearly, the influence of
surface/interface energies only extends to the nanoscale regime, as
illustrated by various mechanical and optoelectronic applications
such as nanostructures, nanocomposites, thin films, nanoelectron-
ics, and quantum dots [2—-10]. With this in mind, in a recent work,
Sharma and Ganti [8] extended Eshelby’s formalism to cover
nano-inclusions by incorporating coupled bulk-surface elasticity.
Explicit size-dependent expressions were presented for the elastic
state of simplified spherical and circular shapes under radially
symmetric loadings along with several illustrative applications.
Sharma and Ganti [8] conclude that for shapes that admit a con-
stant curvature (e.g., sphere, circular shape) and subjected to ra-
dial loadings, the elastic states are uniform. In the present work,
we revisit the inclusion problem to address the more generalized
ellipsoidal shape. We note here also several other works that have
recently appeared addressing surface energy effects in inclusion
problems: Duan et al. [11] generalized the work of Sharma and
Ganti [8] to incorporate eigenstrains or loadings of arbitrary sym-
metry in spherical inhomogeneities. They find that interior stresses
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and strains in spherical inhomogeneities are nonuniform if the
eigenstrain or applied stresses are not radially symmetric. This
conclusion is also affirmed independently by the work of Lim
et al. [12]. Effective size-dependent properties of composites con-
taining spherical inclusions have been addressed by Duan et al.
[11] while Dingreville et al. [13] investigate the “effective” prop-
erties of nanoparticles, nanowires, and thin films.

Apart from the aforementioned works related to surface energy,
in the classical elasticity context, extensive work has been done
on the embedded inclusion problem and related issues. For the
sake of conciseness, and given the existence of several readily
available reviews on this topic, a detailed literature survey is
avoided in this work. Wherever appropriate, relevant papers are
cited contextually. The reader is referred to the following mono-
graphs, review articles, books and references therein: Mura [14],
Nemat-Nasser and Hori [15], Markov and Preziosi [16], Weng
et al. [17], Bilby et al. [18], Mura et al. [19], and Mura [20].

In Sec. 2, we discuss some preliminary concepts and issues
related to surface/interface energies and inclusions. In Secs. 3 and
4, we employ the tensor virial method of moments to establish
approximate solutions of various orders to the ellipsoidal nano-
inclusion problem. Some simple expressions are deduced for the
purely dilatational problem in Sec. 5. Numerical results and the
application to quantum dots are presented in Sec. 6 followed with
a summary and the major conclusions.

2 Preliminaries and Background

In this section, the mathematical preliminaries draw on the for-
mulations of Gurtin and Murdoch [21], Murdoch [22], and Gurtin
et al. [23]. In the context of inclusions, a reference to the words
“surface” or “interface” is meant for the internal free surface of
cavities or adjoining region of the solid inclusion and the sur-
rounding matrix. In the present work, we shall use these words
and their variants interchangeably.

Consider an arbitrarily shaped smooth interface between an em-
bedded inclusion and surrounding host matrix, characterized by a
unit normal n. Let this interface be “attached” to the bulk (i.e.,
both inclusion and matrix) without slipping or any other disconti-
nuity of displacements across it. This implies that we consider
only a coherent interface. In contrast to the classical case where
surface energies are neglected, we now require that the interface
of the inclusion and the matrix be endowed with a deformation
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dependent interfacial energy density, I'. The interfacial or surface
energy density is positive definite. This quantity is distinct from
the bulk deformation dependent energy density due to the differ-
ent coordination number of the surface/interface atoms, different
bond lengths, angles and a different charge distribution [24].

Within the assumptions of infinitesimal deformation and a con-
tinuum field theory, the concept of surface stress and surface ten-
sion can be clarified by the (assumed linearized) relation between
the interface/surface stress tensor, o°, and the deformation depen-
dent surface energy, I'(e%)

ar

c=7,P+ P (1)
Where applicable, superscripts B and S indicate bulk and surface,
respectively. Here, &° is the strain tensor for surfaces that will
result from the projection of the conventional bulk strain tensor on
to the tangent plane of the surface or interface while 7, is the
deformation independent surface/interfacial tension. The surface
projection tensor, P$ which maps tensor fields from bulk to sur-
face and vice versa is defined as

P°=I-n®n (2)

Here, “I” is the identity tensor. Consider an arbitrary vector v. The
tensor or dyadic product ® extends two vectors into a second
order tensor, i.e., in indical notation, A;;=a;b;. The surface gradi-
ent and surface divergence, then, take the following form [23]:

Vv =VvP*

(3)
div(v) =Tr(V,v)

Here we have also defined the surface gradient operator (V,) and
the surface divergence (div,). “Tr” indicates the trace operation.
We shall employ both index and boldface notation as convenient.
Unless otherwise stated, all tensors are referred to a Cartesian
basis and isotropy is assumed throughout.

The equilibrium and isotropic constitutive equations of bulk
elasticity are

dive®=0 (4a)

oP = \ITr(g) + 2ue (4b)

At the interface, the concept of surface or interface elasticity
[21,23], ordinarily ignored in the classical formulation is intro-
duced

[of -n]+div,0*=0 (5a)

o =7,P+2(u' - 7,)e" + (N + 7,)Tr(e*)P* (50)

Here, N and u are the Lamé constants for the isotropic bulk ma-
terial. Isotropic interfaces or surfaces can be characterized by sur-
face Lamé constants \°, u®, and surface tension, 7,. The square
brackets indicate a jump of the field quantities across the inter-
face. It is to be noted that only certain strain components appear
within the constitutive law for surfaces due to the 2 X 2 nature of
the surface stress tensor (i.e., only the tangential projection of the
strains on the interface are included consequently, P*.n=0). In the
absence of surface terms, Eq. (5a) reduce to the familiar normal
traction continuity equations.

Thus, while the infinitesimal strain tensor in the bulk (both
inclusion and matrix) is defined as usual in Eq. (6), the surface
strains involve the use of projection tensor (Eq. (7))

e=5(Vu+ Vu’) (6)

& =3(P'V,u+ V,u'P%) (7)

Implicit in Eq. (7) is our assumption of a coherent interface. An
incoherent interface requires additional measures of strain. The
most generalized treatment of deformation measures that allows
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Schematic of the problem

projections of jump in the displacement gradient (i.e., relative
strain, twist, normal shear, tilt) and jumps in the normal and tan-
gential displacement (stretch and slip) in addition to the coherent
deformation considered in Eq. (7) has been addressed in detail by
Gurtin et al. [23].

Consider a stress-free uniform transformation strain prescribed
within the domain of the inclusion (Fig. 1). As per Mura’s defini-
tion of an inclusion [14] we assume (for the moment) identical
material properties for the inclusion and the matrix. The scenario
where material properties differ is referred to as the inhomogene-
ity problem [14] and will be discussed in Sec. 6.

Sharma and Ganti [8] have derived the following general inte-
gral equation for arbitrary shaped inclusion linking the actual
strain in the inclusion to the uniform transformation strain

e=S:e* +symy V, ® f G(y-x). div,o*(y)ds,
> ®)

Here G is the Green’s tensor for isotropic classical elasticity [1].
£" is the so-called “eigenstrain” or a stress-free transformation
strain such as due to for example, phase transformation, thermal
expansion mismatch, lattice mismatch among others. The under-
lined term in Eq. (8) indicates the extra contributions due to
surface/interface energy. S is the classical size-independent Es-
helby tensor (see [1], Appendix A and [14]). The notation, sym{.},
represents the symmetric part of a second order tensor, A, e.g.,
sym{A}:%{A +AT}. Some further details on Eshelby’s tensor for-
malism are included in Appendix A for ready reference.

Further simplification of Eq. (8) is difficult without additional
assumptions regarding inclusion shape. Equation (8) implicitly
gives the modified Eshelby’s tensor for inclusions incorporating
surface energies. This relation is implicit since the surface stress
depends on the surface strain, which in turn is the projection of
the conventional strain (&) on the tangent plane of the inclusion-
matrix interface.

For the spherical shape, Eq. (8) can be explicitly re-written as

(8]

200+ uf 2
2N ) T (poeps) -
3KR, 3KR,

e=Sig*_ (S:I) 9)

Here we note that for a sphere, curvature is the reciprocal of its
radius, k=1/R, and K is the bulk modulus. To allow easy manipu-
lation and in order to get analytical form of Eshelby tensor, it is
necessary to resolve the fourth order tensors along the following

basis: %5,-]-6,(, and %(5,-,(5ﬂ+ 6,-,5]-,()—%6,-]-5,(, (see for example, [25]).
And using the spherical Eshelby tensor [14], Eq. (9) can be re-
written (in spherical polar basis)
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Fig. 2 Schematic of the solution

~ 3Ke"-27,/R,
C00 4+ 3K+ 40N + )R,

A general feature of the integral Eq. (8) can be realized by noting
that

Err=E&gg= (10)

div, 0° = div,{C*P*eP* + 7,P*} (11)

The surface divergence of surface stress tensor can only be uni-
form if the classical “bulk™ strain as well as the projection tensor
is uniform over the inclusion surface. Consider the identity

div,PS=2kn (12)

Here « is the mean curvature of the inclusion. For a general el-
lipsoid the curvature is nonuniform and varies depending upon the
location at the surface. Thus, unlike for the spherical or circular
shape, even for purely symmetric transformation strains such as
pure dilation, we can expect a nonuniform strain state rendering
perhaps impossible an exact solution of Eq. (8) for the general
ellipsoidal shape.

3 Tensor Virial Method of Moments for Approxima-
tions to the Ellipsoidal Problem

The nonuniformity of the ellipsoidal curvature makes it difficult
to solve for the elastic state via the implicit system of integral
equations listed in Eq. (8). The direct use of the integral equation
(8) is not very convenient for our purposes and thus in the remain-
der of this paper, based on some simplifying assumptions, we
explore the so-called tensor virial method of moments [26] to
deduce an approximate solution for an ellipsoidal inclusion under-
going a uniform transformation strain.

First, we only consider the effect of surface tension (i.e., 7,) and
ignore deformation dependent surface elasticity, for example, in
the result of Eq. (10), the term 4(\*+ u®)/ Ry would be discarded.
This assumption is reasonable for small strains and indeed, as has
been found in some technological applications, the deformation
dependent surface elasticity effects can often be small compared
to surface tension effect. Of course, in certain classes of problems,
essential physics is lost by abandoning the deformation dependent
surface elasticity (e.g., effective properties of nanocomposites,
[8,11]; dislocation nucleation in flat nanosized thin films, [3]).
However, for several problems of technological interest, consid-
eration of 7, is sufficient. Note that the recent work of Yang [27]
may require further clarification as he proposes that the effective
size-dependent properties of nanocomposites depend on surface
tension of inhomogeneities and fails to include the effect of sur-
face elasticity which (according to us) is the sole contributor to
the effect Yang purports to investigate. Since the effect of surface
tension manifests itself as a residual type effect (i.e., independent
of external loading), we can immediately employ Eshelby’s clas-
sic gendanken of cutting and welding operations [1] to put a
physical perspective on the problem. Take the inclusion (contain-
ing a prescribed physical eigenstrain, say, a thermal expansion
mismatch strain or that due to lattice mismatch) out of the matrix
but with a surface tension equivalent to the interfacial tension of
inclusion-matrix. From a classical perspective the inclusion
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should relax to a strain equal to the physical eigenstrain. However,
in the context of coupled surface-bulk elasticity, an additional
strain ensues due to the presence of interfacial tension. Thus the
total effective eigenstrain is equal to the superposition of the ini-
tial prescribed eigenstrain (due to a physical mechanism) and the
strain state of an isolated un-embedded inclusion under the action
of a surface tension. This is shown schematically in Fig. 2. Math-
ematically

(13)

Here we have indicated the major functional dependence of each
type of eigenstrain. The superscripts “7,” “P,” and “I”’ stand for
“total,” “physical,” and “isolated” respectively. In summary, if we
are able to evaluate &/, Eshelby’s classical tensor type concept can
be employed to determine the elastic state of the inclusion incor-
porating surface energy, i.e.,

e(x) =S$(x):£"T(x)

£"7(x) = £"P(x, physical cause) + £'(x,7,, )

(14)

Here S is an Eshelby tensor type integral operator which defaults
to Eshelby’s classical tensor (S) for uniform eigenstrains. For an
inhomogeneous eigenstrain, the actual strain is then determined

by the action of the integral operator, S. This distinction is neces-
sary since even though (in this work) the physical eigenstrain is
assumed to be (as often is) uniform, the contribution of surface
tension is nonuniform, except in the case of a sphere and infinitely

long circular cylindrical shape. Further details on S are found in
Appendix A. Note that the size dependence enters via the simu-
lated eigenstrain, €. For spherical and cylindrical shapes, the cal-
culation of this strain is trivial. For example, in the spherical in-
clusion case, the isolated strain (in spherical polar basis) is merely
el =el,=el, ,=—27 /3KR,. Substituting this into (13) and using
Eshelby’s tensor (Appendix A) reproduces Egs. (9) and (10) and
the result of Sharma and Ganti [8] provided that the surface elas-
ticity constants, {u*,\*} — 0 in their formula, are set to zero which
then also coincides with the result of Cahn and Larche [28].

For an ellipsoidal inclusion, even the isolated solution is not so
trivial. We construct an approximate solution using the tensor
virial method developed by Chandrasekhar [26,29].

Consider an isolated (i.e., un-embedded) triaxial ellipsoid made
from the same material as the inclusion (Fig. 3). Further, let it

Fig. 3 Schematic of the problem for the isolated ellipsoidal
particle under a surface tension
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contain an eigenstrain identical to that of the inclusion, £"7. Now,
to incorporate surface energy (as per the discussion of the preced-
ing paragraph), let the isolated ellipsoidal particle also be under
the influence of a surface tension numerically equivalent to the
interfacial tension of inclusion-matrix. A coordinate system with
an origin at the ellipsoid centroid coincident with the principal
axes of the ellipsoid (a;,a,,as3) is adopted.

In the absence of any external body forces and in static equi-
librium, the equation of motion for the isolated ellipsoidal particle
can be written as

dive'=0 (15a)

ol=C:é€

Where we note that £ can be found by simply inverting Eq. (15b).
We take the first moment of Eq. (15a) to obtain

fxia;'{’fdx/:f Md\/—f oldV=0  (16a)
v 0% v 9% v o

(15b)

= j X,070dS) ~ f ohdV=0 (16b)
S 1

Gauss’s theorem is used to obtain the surface integral in Eq. (16b).
A superscript (—) sign indicates that the referred quantity is ap-
plicable at distances infinitesimally close to the bounding surface
but located in the interior. Since the inclusion is isolated, the (+)
quantities are identically zero. Recall that for uniform surface ten-
sion, the jump in the normal tractions is proportional to the sur-
face tension (Eq. (5a)), i.e.,

[¢'.n]=-¢'") . n=-7,ndivn (17)
From which we obtain the relation
J oldV=- r,,f x; div nds; (18)
1% s

Consistent with the notion of taking a first order moment, we
assume that ¢ is uniform within the ellipsoidal particle. Then, as
clearly apparent, Eq. (18) furnishes us a method to find the “av-
erage” strain of an isolated inclusion under the action of surface
tension and eigenstrain via a (relatively) simpler surface integral
on the right hand side. Note that, effectively, Eq. (18) approxi-
mates the nonuniform boundary condition at the inclusion-matrix
interface in Eq. (5a) in an “average” sense. Implicit in this as-
sumption is the notion that the average inclusion strain in the
ellipsoidal inclusion is representative of the actual nonuniform
strain that one would obtain from a rigorous solution of the inte-
gral equations in Eq. (8). Equation (18), which is the heart of the
first moment approximation, is exact in three cases: (i) For inclu-
sions with constant, curvature, i.e., spherical and circular shape
(ii) the trivial case when surface tension is absent, (iii) for large
“inclusion” size where curvature is effectively negligible. Clearly,
the first moment approximation is expected to be inaccurate when
ellipsoidal aspect ratios become extreme, e.g., flat crack like in-
clusion, and as such should be avoided. Since we are constructing
an approximation for an ellipsoid as the associated fields depart
marginally from the uniform case (sphere), our solution is not
expected to satisfy the two-dimensional asymptotic limit when the
ellipsoid degenerates to a circular cylinder (for which also the
exact analytical solutions are known). To approximate an elliptical
cylinder, our analysis must be repeated in a two-dimensional
framework (although in that case, complex analysis tools may be
more efficient possibly leading to exact solutions).

Using a Lemma by Rosenkilde [30,31]—see Appendix B, the
surface integral in Eq. (18) can be further simplified to
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Tof Xjnk,de,' = Tof (5,-j - n,-nj)dS = 2Mij (19)
S s

Note that the rightmost integrand in Eq. (19) is just the surface
projection tensor. The derivation of Eq. (19) and other ellipsoidal
surface integrals involving higher order moments of divn are
given in Appendix B. We can then write the surface contributed
eigenstrain of the ellipsoidal inclusion in the following simple
manner:

2
i -1
=-—(CO)™"M 20
e'=-=(C) 20)
The tensor M tensor can be reduced to
M= m(ayaya3)*1,(A;+ A (i #j#k) (21a)

dt

A= J;) m, A= (a% + 12)(61% + 12)(51% +7) (21b)
Summation convention has been suspended in Eq. (21). Our
choice of coordinate system coincident with the principal axes of
the ellipsoid and the ellipsoidal symmetry in general restrict non-
trivial terms to only the diagonal ones. The A; integrals are similar
to the ones that appear in Eshelby’s [1] classical work (but rot the
same). They are easily cast in terms of elliptical integrals

A= sin? ¢ cos® OF (6, p) + cos® PE(6, ¢) — (azla,)sin ¢ cos ¢
| =

a%az sin® ¢ cos” 0

A cos? OF (6, ¢) — (aslay) E(6, ¢) + (as/ay)sin® @sin ¢ cos ¢
T ala; sin® ¢ cos? @ sin® 0

(22)

_ E(8,¢)(a3/a,)*F (6, ¢)
a1a2a§ sin® ¢ sin” @

A3

Here, the following ordering of semi-axes has been assumed, a;
>a,>asz. E and F are the incomplete elliptical integrals of the
first and second kind, respectively

¢ dw
2

E(6,¢) =

[ . .
o V1 -—sin’ wsin? @

¢
F(6,¢) = f V1 - sin® @ sin’ fdw (23)
0

2_ 2
a a;—a a
f=sin"! = —( ; z), </>=sin"1 =
a, N (a7 -a3) a;
Equations  (22) are  obtained by  substituting ¢

=as sin w/\sin® ¢p—sin® @ in Eq. (21).

Obviously, for simpler shapes such as spheres, circular cylin-
ders and spheroids, these elliptical integrals (E and F) degenerate
to well-known elementary expressions (e.g., [32]). The final (in-
terior) strains and stresses of the embedded ellipsoidal inclusion
can be conveniently expressed as

Ed E3 2
e=S:e T:S:{s P —C"M}
\%
(24)
)
0=C:(S—I):{s P—‘—/C":M}

Note that we have used the Eshelby tensor (S), not the operator

(S), since in the first moment approximation, the total eigenstrain
is uniform.
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4 Higher Order Virial Moments

In the previous section a first order virial moment of the equa-
tions of motion led to the approximation of uniform strain in the
ellipsoidal particle under the influence of a surface tension and
consequently uniform strain in the embedded inclusion. Succes-
sively higher order moments of the equations of motion can be
taken to obtain more accurate approximations. To obtain a non-
trivial set of self-sufficient equations, the desired strain must be a
polynomial of degree one m—1 where m is the order of the mo-
ment, e.g., in the previous section, a first order moment was taken
consistent with a uniform strain (zero order polynomial).

The equations of motion (Eq. (15a)) are now multiplied by xx,,
and integrated over the volume. Analogous to Eq. (16), we arrive
at

Jx/xm ik dSk f(x 1}+xjo-zlm)dV:0 (25)

Consistent with the second order virial moment, we shall assume
the isolated elastic state to be a polynomial of degree (m—1),
which in the present case is a linear function of position, i.e.,

0'11'/' = ‘712 = U'il' +a; Xy (26)

Here, the coefficients aj;; are constants to be determined with the
aid of Eq. (25). The ﬁrqt term in Eq. (26), o; ], is determined (as in
the preceding section) by means of the first order viral moment
equation.

Straightforward manipulation yields

j (OJ Xm + O{MX])dV = 2(Mz]m lm]) (27)
Where we have used (Appendix B)
Tgf xpxy div ndS; =2M j +2M (28a)
s
TG
M= By (8= nnj)x,dS (28b)
s

The reduction to Eq. (28b) is important since it immediately al-
lows us to note that the integrand is manifestly an odd function.
The ellipsoidal shape possesses three planes of symmetry and
consequently an odd function must integrate out to zero on its
surface. Thus, the second order virial moment approximation de-
generates to the first moment approximation of the previous sec-
tion, i.e., a;3=0. This of course implies that the “average” strain
computed in the previous section is correct up to (first) linear
order. Thus, at least a third order moment (or a quadratic approxi-
mation in the strain) is required to introduce a nonuniform strain
in the elastic solution of an isolated ellipsoidal particle (and hence
embedded inclusion).

In closure of this section, we point out the evident fact that due
to the lengthy and tedious expressions involved, implementation
is somewhat inconvenient beyond the first order approximation.

5 A Purely Dilating Ellipsoidal Inclusion

For the pure dilatational case (g*P=g”T), exceptionally simple

expressions can be derived which we now proceed to outline. We
only address the uniform strain approximation (i.e., first order
virial moment). Consider Eq. (24) which provides the strain tensor
for an embedded inclusion incorporating surface/interface ener-
gies via the second order tensor, M. Taking trace on both sides we
obtain

Journal of Applied Mechanics

Tr(e) = Tr(S:e™T) = Tr(S:e™?) — Tr{S:‘%C'IM} (29)

At this point we appeal to a general result derived by Milgrom-
Shtrikman [33] which specifies that the trace of classical Eshel-
by’s tensor is a constant for all shapes, i.e., in other words, the
dilatation within an inclusion is independent of shape. Equation
(29) then transforms to

1+, 2[ 1 2p-3K
Tr(e) = 1-» g’ =Tr v ﬁsijqMPq + msijmquq
(30)
This can be further simplified to
I+v
Tr(e) = < )s”
1-»
Classical result:
Milgrom Shtrikman Trace
2| 1 2u-3K{1+v
i _Sih M;c+ qu
Vi2u 7T 18uk \1-v
Shape and size-dependent results (31)

The first term in Eq. (31) is simply the Milgrom-Shtrikman [33]
trace valid for all shapes and as apparent solely a function of
Poisson ratio of the matrix. The second term which involves M
can be made more explicit by using Eq. (21a)

Tr(M) = 2m(a,a,a;)*7,(A; + A+ Ay) = A7, (32)

where we have used the definition of surface area (A). Further,
decomposing, M into a trace and trace-free part, ie., M
=% Tr(M)I+M’ final result then takes a simpler form

1+v » 2A7, 1 {1+vw 12 ,
Tr(e) = - gl — v 9_K _E;T/Siipq '
-

1-v

Classical Shape and size-dependent results (33)
A for a triaxial ellipsoid is usually expressed as
A=2mc? + [(a —HE(0) + 20]
(34)

? a [b*-¢?
sn(6,k) = —2 =E A2

Here E is the complete elliptical integral of the second kind and
inversion of the Jacobi elliptic function sn is required. Volume is
simply (47a a,a3/3). The form of our results presented in Eq.
(33) is especially convenient in that one can judge the departure
form “shape isotropy” (i.e., spherical shape) by the magnitude of
M’ (which is identically zero for a sphere). One can verify (once
again) that upon substituting .A/V=3/R, and M'=0 the spherical
inclusion result of Sharma and Ganti [8] is recovered provided
one ignores the deformation dependent terms in their expression.
The new results for dilatation depart from the classical Milgrom-
Shtrikman trace since .A/V and M’ are both shape-dependent.
Size-dependency, obviously, also enters through M'/V and A/V.

6 Numerical Results and Applications to Shape and
Size Effects in Band Gap of Quantum Dots

The incorporation of surface size-effects in the inclusion prob-
lem extends all previous application areas of Eshelby’s inclusion
problem to the nanoscale. The present solution, now also allows
study of shape effects beyond trivial shapes such as spherical or
circular.

In the previous sections, identical material properties were as-
sumed for the matrix and the inclusion. The differing elastic con-
stants can be taken care of easily through Eshelby’s equivalent
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Table 1 Properties used in numerical calculations

Property Value

E; (eV) 1.94 [36]
a.+a, (V) 8.3 [36]
" (GPa) 67
K" (GPa) 102
K" (GPa) 168
w (GPa) 95

7, (J/m?) 1.33

inclusion principle [1,14] when the eigenstrain is uniform (which
is the case in our first order moment approximation). The equiva-
lent inclusion principle was extended to the polynomial case by
Sendeckyj [34] and thus can in principle be used for higher order
moment approximations if desired although we hasten to point out
that one must contend with yet more tedious expressions. First
some general results are presented for inclusions followed by dis-
cussion of our results for quantum dots (inhomogeneities). The
material parameters used for the quantum dot are summarized for
convenience in Table 1 (Appendix C) and the physical eigenstrain
is identified with the lattice mismatch between the quantum dot
and the surrounding matrix. When discussing the applications to
quantum dots, the differing properties of the inclusion and the
matrix are taken into account using Eshelby’s equivalent condition
[1,14]

CI[S:<sf+ £P - %(CI)—'M) _ (gp_ %(CI)—IM):|

= CM[S:(sf+ eP - E(C')‘IM) - <8f+ &P — %(CI)—IM>:|
4 v

(35)

Here superscripts “I”” and “M” indicate inhomogeneity and matrix,
respectively. Equation (35) allows the determination of the ficti-
tious eigenstrain, €, necessary to simulate the perturbation due to
differing elastic constants of the matrix and the inhomogeneity.

Prolate Inclusion {a)

6.1 General Results. In this section, we assume an inclusion
undergoing a dilatational transformation strain. The effect of as-
pect ratio is studied by for both prolate (a;=a,<as3) and oblate
(a;=a,>az) geometry. Obviously our results are generic enough
to tackle arbitrary ellipsoidal shapes; prolate and oblate cases are
illustrated for a clearer insight into the shape effects.

Percentage deviation of the dilation from the spherical shape is
shown for both prolate and oblate spheroids in Figs. 4(a)-4(d).

The results are plotted with respect to spheroid size (a;) and
aspect ratio (r=as/a;). As can be appreciated the presence of
surface tension renders the solution difficult to normalize hence
for a better perspective, results are plotted for three different para-
metric values of the eigenstrain & (0.02, 0.04, and 0.06). In Figs.
4(a) and 4(b), three aspect ratios (asz/a;=r=1.5,2.5,5) are shown.
Clearly, the effect of shape depends on both size and the magni-
tude of the physical eigenstrain. Keeping in mind the rather typi-
cal value of surface tension we chose (1.33 J/m?2), consider the
case of 2% mismatch strain which is about the norm for quantum
dots/substrate systems grown using the Stranski-Krastanov
method. For this case, even up to 2 nm inclusion size (at an aspect
ratio of 5), the departure from the spherical shape (i.e., Milgrom-
Shtrikman trace) is no more than 10%. Shape effects, however,
get rapidly appreciable below 2 nm reaching almost 30% for an
inclusion size of 1 nm. For larger mismatch eigenstrains (4% and
6%, respectively) the shape effects are indeed small barely reach-
ing 6% deviation from the spherical shape at a mismatch of 6%
and aspect ratio of 5. Figures 4(c) and 4(d) yields similar conclu-
sions albeit different magnitudes.

There is a weak dependence of dilation on shape. One though
does expect a quite a stronger effect on the principal strains which
is illustrated for prolate inclusions in Fig. 5. It can be seen the
strains inside the inclusion exhibit a strong nonhydrostatic effect.
The equivalence of &;; and &,, is due to the obvious symmetry of
the geometry.

6.2 Shape Effects in Quantum Dots. We next employ the
present results to study the effect of quantum dot shape on the
size-dependent strain and consequently its band gap. Quantum
dots (QD) are of immense technological importance and are typi-

Prelate Inclusien (b)
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Fig. 4 (a)—(d): Effect of shape on size-dependent dilatation of ellipsoidal

inclusions
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Fig. 5 Effect of shape on size-dependent principal strains of
ellipsoidal inclusion, a;=a,<a;, r=as/ay. (a) r=5 (b) r=2.5 (c) r
=1.5.

cally embedded in another semiconductor material with differing
elastic constants and lattice parameter. The ensuing elastic relax-
ation within the QD is well known to impact their opto-electronic
properties [35]. Acknowledging that quantum dots are often “fab-
ricated” in the sub 10 nm regime, in our previous work [8], we
reported significant shifts in band structure and optoelectronic
properties for very small spherical quantum dots when one incor-
porates size-effects due to surface energies. While in most semi-
conductors the band structure is sensitive to all strain components,
the major influence comes from the dilatation. From a classical
point of view (based on classical elasticity theory), quantum dot
optoelectronic properties have generally been considered rela-
tively insensitive to shape (e.g., Andreev et al. [36])—although
one can argue that this conclusion is a consequence of the several
simplifying assumptions that typically made while proceeding to
analytically calculate strain-band gap coupling. In light of Figs. 4
and 5 and the work of Sharma and Ganti [8] we can conclude that
while size-effects due to surface effects may be significant at very
small sizes, shapes effect is of secondary importance. A simple
first olrder calculation can provide a numerical order to the shape
effect

E”+ EV(R azla)) + E' = E* + (a, + a,) (g — s,tkT)
+ O(nondilatational terms) (36)

Where E*"" is the band gap shift due to the size and shape depen-
dent contribution from surface energy induced strains while £ is
the corresponding shift due to classical size-independent and (in
the dilatational case) shape independent strain and finally E* is the
unstrained bulk crystal band gap. Here (a.+a,) represents the
dilatational deformation potential where, as indicated, we have
ignored anisotropic terms both in elastic calculations as well as
electronic calculations. Note that for the purposes of band struc-
ture calculations, the eigenstrain must be subtracted from the com-
patible strain. We take as an example, the technologically impor-
tant In3pGaN quantum dot system embedded in a GaN matrix. We
fix the size of the quantum dot at a;=a,=1 nm to maximize the
shape effect. We then obtain AE (net band gap shift due to shape
at ay=a,=1 nm, r=1, and r=5) of about 52 meV which is well
beyond the strict tolerances for many optoelectronic devices [35].
At a more realistic quantum dot size of 5 nm, we obtain an error

'A more rigorous calculation say using the multi-band k.p. method or tight bind-
ing approach is required for accurate electronic band structure calculation. For our
purposes, the approximation in Eq. (36) is sufficient to illustrate our point.

Journal of Applied Mechanics

of 7 meV which is small and most likely in the “noise” regime
given the uncertainties in the determination of various other pa-
rameters of quantum dots (size, shape, material properties, etc.)
that may have greater influence on the band structure than the
variation in shape which we discuss.

7 Summary and Conclusions

In summary, we have extended a previous work on incorpora-
tion of surface/interface energies in the elastic state of inclusions
to the ellipsoidal shape. In addition to the size dependency, the
present formulation, also allows the possibility of a limited inves-
tigation of shape effects in various physical problems that typi-
cally employ the inclusion solution. Exact solution does not ap-
pear to be feasible for the problem addressed in this work and
hence an approximate solution was constructed using the tensor
virial method of moments. Although we employed only first order
approximation in our numerical results, higher order approxima-
tions can be easily derived if such accuracy is required. In a sense,
the present solution now incorporates shape effects into the scal-
ing laws for inclusions that are valid at the nanoscale. In addition,
exceptionally simple expressions were derived for the pure dila-
tational problem which is relevant for several physical applica-
tions. The discarding of deformation dependent surface elasticity
prohibits use of the present results for calculations of effective
properties of composites. The present work shares with its preced-
ing companion article [8] much of the same limitations. For ex-
ample, we have presented a completely isotropic formulation
while interfacial/surface properties can be fairly anisotropic. In
addition, we have assumed a perfectly coherent interface. In deal-
ing with nano-inclusions it is important also to consider the degree
of coherency, a complete investigation of which is left for future
work.

Note added in proof. Our statement that residual stresses do not
impact effective properties is only true under specific instances,
however our statement regarding Ref. [27] stands. For further
clarification on this issue, one may consult Huang and Sun [37].
The first author is grateful to Professor Z. P. Huang for educating
him on this.
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Appendix A: Eshelby’s Classical Tensor

In classical isotropic elasticity, the strain field for the inclusion
problem is given by [1,14]

g(x) = (W= 20D ;= 2(1 = ) (P g + D)

L
8m(l —v)
(A1)

Where, ¢ and ® are bi-harmonic and harmonic potentials of the
inclusion shape (Q)). They are given as

* 3
qfij(x) = S[jf x —y|d’y (A2)
Q

. 1
Dy(x)=¢; f Py (A3)
Q |X - Y|

Equation (A1) can then be cast into the more familiar expression

e(x)=S(x):e* xe)
(Ad)
e(x)=D(x):e *
Mura’s book [14] contains detailed listing of S and D tensor for
various inclusion shapes (spheres, cylinders, ellipsoids, and
cuboids). When the eigenstrain is nonuniform, it must be brought

x ¢
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into the integral in which case, Eshelby’s tensor is an integral
operator.

Appendix B: Some Identities Related to Ellipsoidal Sur-
face Integrals
In this Appendix, we derive some identities related to various
order M tensor. We simply illustrate the method by giving a deri-
vation of M,;; which is not available in the literature [30,31].
Consider the following lemma [30,31] for an arbitrary tensor

field A:
oA oA
—dS;= | —dS,
s )

In Eq. (B1) we set A=nx;x;x,,. The left side of Eq. (B1) can then
be expanded to

(B1)

f (div m)xpx, + (1m0, + XX, + 1,X%,)dS; (B2)
s
The right side of Eq. (B1) is written as

J (5l]xkxm + dkx]xm + (simxjxk)ds (B3)
N

Equation (B3) can be used to derive the third order approximation
if needed.

Appendix C: Material Properties for Numerical Calcu-
lations

The numerical values used are listed in Table 1. Further infor-
mation on approximations of the interface elasticity constants is
available from Sharma and Ganti [8]. For the quantum dot prob-
lem, all the properties in Table 1 and a dilatational physical eigen-
strain corresponding to the lattice mismatch of 2% was used while
for the inclusion problem, only u™ KM 1, were used.
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