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tromechanical coupling. Most soft dielectrics including elastomers, however, are not piezo-
electric and rely on the universally present electrostriction and the Maxwell stress effect
to enable the aforementioned applications. Electrostriction is a one-way electromechanical
coupling and the induced elastic strain scales as («E?) upon the application of an electric
field, E. The quadratic dependence of electrostriction on the electric field and the one-way
coupling imply that, (i) A rather high voltage is required to induce appreciable strain, (ii)
reversal of an applied bias will not reverse the sign of the deformation, and (iii) since it is
a one-way coupling i.e. electrical stimuli may cause mechanical deformation but electricity
cannot be generated by mechanical deformation, prospects for energy harvesting are rather
difficult. An interesting approach for realizing an apparent piezoelectric-like behavior is to
dope soft dielectrics with immobile charges and dipoles. Such materials, called electrets,
are rather unique composites where a secondary material (in principle) is not necessary.
Both experiments and supporting theoretical work have shown that soft electrets can ex-
hibit a very large electromechanical coupling including a piezoelectric-like response. In this
work, we present a homogenization theory for electret materials and provide, in addition
to several general results, variational bounds and closed-form expressions for specific mi-
crostructures such as laminates and ellipsoidal inclusions. While we consider the nonlinear
coupled problem, to make analytical progress, we work within the small-deformation set-
ting. The specific conditions necessary to obtain a piezoelectric-like response and enhanced
electrostriction are highlighted. There are very few universal, microstructure-independent
exact results in the theory of composites. We succeed in establishing several such relations
in the context of electrets.
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1. Introduction

The simple act of a robotic arm lifting an object requires the underlying material to be capable of large mechanical
deformations and that it deform in response to a stimulus with moderate energetic cost. This example epitomizes the im-
perative to develop soft materials that exhibit strong electromechanical coupling. In addition to robotics, electromechanical
soft materials have exciting applications in many other contexts also: energy harvesting, stretchable electronics, prostheses,
nano-electromechanical-systems and others cf. Carpi et al. (2008), Carpi et al. (2010), Erturk and Inman (2011), Xu (2010),
Bauer et al. (2014), Rogers et al. (2010), Huang et al. (2013), Yang et al., Muralt et al. (2009), Trolier-McKinstry and Mu-
ralt (2004), Long et al. (2005).

The ideal electromechanical coupling is the well-known phenomenon of piezoelectricity which is the linear coupling
between electrical fields and mechanical deformation. Piezoelectrics can be actuated by a small voltage, mechanical motion
can be converted into electricity making energy harvesting possible and the reversal of stimuli (whether mechanical or
electrical) leads to a reversal of the response (respectively electrical or mechanical). Unfortunately, only a rather limited set
of materials—mostly hard and crystalline—possess this remarkable property. Examples include materials like barium titanate
and lead zirconium titanate. Such piezoelectrics, with elastic moduli in the order of 100’s of GPa, are all but useless for
applications that require large deformations. Polymers like polyvinylidene difuoride (PVDF) are among the few polymers
that exhibit piezoelectricity (Murayama et al., 1976) but the effect is rather weak and PVDF is not quite as soft as some of
the applications would necessitate.

Dielectric elastomers are, at the moment, arguably the most intensely researched class of materials as far as soft elec-
tromechanical materials are concerned. Upon application of a suitably high voltage, an area increase of nearly 1700% has
recently been demonstrated for an acrylic membrane (Keplinger et al., 2012). Indeed, through clever design, dielectric elas-
tomers have been successfully used for myriad applications like braille displays, adaptive optics, and energy harvesting (cf.
Bauer et al., 2014; Huang et al., 2013; Keplinger et al., 2012; Koh et al., 2009; Shankar et al., 2007; Trivedi et al., 2008; Yang
et al.,, 0000). What is notable however is that dielectric elastomers are not piezoelectric. Their electromechanical coupling
emerges entirely from an effect that is universally present in all dielectrics — the so-called Maxwell stress effect and/or
electrostriction!. In these phenomena, an electric field exerts a force on all dielectrics proportional to E2 where E is the
applied electric field. This force is small and accordingly, the induced deformation in hard dielectrics is negligible?. This
scenario changes drastically for soft dielectric elastomers; as demonstrated convincingly in several works (Keplinger et al.,
2012; Li et al., 2004; Pelrine et al., 2000). There are some drawbacks however. Electrostriction is a one-way coupling. An
electric field will produce deformation but a mechanical stress, in its naive form of application, will not coax any electricity
from the material—unlike piezoelectric materials. The absence of this direct converse effect implies that energy harvesting
is rather difficult®. Furthermore, the quadratic dependence of the deformation on electric fields implies that upon reversal
of the applied voltage, the deformation will not reverse and very high voltages are required for actuation.

The development of another class of materials — the so-called electrets — appears to be a promising route to create
soft materials that are piezoelectric-like, capable of large deformation* and may be prospects for engineering high elec-
tromechanical coupling. Electrets are, simply put, dielectrics that have trapped “quasi-permanent” immobile charges and/or
dipoles®. Although the “modern” discovery of electrets dates back to the work by the Japanese scientist, Mototaro Eguchi
in 1919, as far as the authors are aware, this field received new life in the eighties by groups in Germany at the hands
of research groups (Gerhard-Multhaupt, Bauer et al., 2004; Buchberger et al., 2008; Sessler, 1987; Sessler and Hillenbrand,
1999; Wegener and Bauer, 2005) led by Sessler, Gerhard-Multhaupt, Gross and Bauer®. Perhaps the most striking example
of an electret material is the creation of polypropylene foams—which have a distinct cellular structure characterized by the
presence of micron sized voids (Fig. 1). Charges are embedded (and trapped) on the void surface via a process that leads
to electrical breakdown of the air in the voids. Apparent piezoelectric coefficient as high as 1200 pC/N have been reported
(Hillenbrand and Sessler, 2008) for such optimally fabricated soft foams—which is six times that of the well-known piezo-
electric, lead zirconium titanate.

What is the principle underpinning the apparent piezoelectricity of electrets? The basic notion can be explained in a
rather simple manner by considering a bilayer film structure as shown in Fig. 2. Consider a quasi-permanent immobile

1 Strictly speaking, electrostriction and the Maxwell-stress effect are physically distinct, however, mathematically similar (Tian, 2007; Tian et al., 2012;
Zhao and Suo, 2008). In what follows, we will simply use the terminology “electrostriction” and it is to be understood that both effects can be lumped
together.

2 For example, under similar conditions as used for the acrylic dielectric elastomer membrane that led to a 1700% areal change, the well-known hard
dielectric, silicon, will barely change its area by 0.001%

3 We remark that there are some exceptional works by Bauer, Koh, Zhao, Suo, among other (cf. Koh et al., 2011, 2009) who, using certain design are able
to scavenge electricity from elastomers. In one instance, the demonstration involves harvesting from ocean waves.

4 Unfortunately, not to the level of elastomers. Stabilizing charges and dipoles in elastomers for a usable time-period remains to be an open experimental
challenge

5 By immobile we mean that embedded charges and dipoles only shift position due to deformation. In the time-period of interest or observation, the
charges do not flow or move and are thus “quasi-permanent”; a term coined by the early pioneers in electret research. The word “quasi” is used to indicate
that an electret material is in a metastable state. The charges have a driving force to “flow” and leak away but due to the presence of interfaces or trapping
states, are locked in place for an appreciable amount of time.

6 A nice historical account leading up to the eighties may be found in a paper by Gerhard-Multhaupt and the book by Sessler (1987).
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Fig. 1. A schematic of an electret based on polymer foam with embedded dipoles on the void surfaces. This artistic rendition is inspired from a figure in
Bauer et al. (2004).

Fig. 2. The basic principle underlying the apparent piezoelectric behavior of electrets.

charge layer g embedded at the interface between the two different soft elastic materials. There will exist, due to the
presences of this charge, a state of residual electrical field as well as induced charges g, and g, at the opposite electrodes.
Due to electrostriction, even prior to an external mechanical or electrical load, a thickness change Ah~q? is expected.
Therefore, in addition to a residual electrical field, there also exists a state of residual strain and stress. If now, an external
stress is applied to this electret construction, the resulting deformation will convect the existing electric field state in the
body and change the induced charges at the electrodes. This resulting change in electric field can be shown to be linearly
proportional to the applied stress and appears therefore as an emergent piezoelectric effect. A similar situation ensues upon
the application of an applied voltage difference, V. In that case, the total thickness change scales as: Ah~a-q2+b-V2+c.
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qV where (q, b, c) are geometry and material-dependent constants. The first term, as indicated earlier, is due to the Maxwell
stress caused by the electrical field due to the embedded charge (q), the second term is the deformation due to the Maxwell
stress caused by the applied voltage, V and finally, a term, linear in V, emerges due to the interaction between the applied
field and the presence of charge g. This linear term in V manifests as an apparent converse piezoelectric effect (—and in
fact, cq can be shown to be proportional to the piezoelectic constant).

Surprisingly, relatively fewer modeling efforts have been dedicated to electrets. Simple (but certainly insightful) formulae
on the lines of what has been described in the preceding paragraph pertaining to simple bilayer structures have been long
known (Kacprzyk et al., 1995). More recently, Deng et al. (2014b), Deng et al. (2014a) have provided systematic (nonlinear)
solutions to boundary value problems such as the one shown in Fig. 2. In particular, the linearized solution while different
from the simpler estimates in the literature, confirm the basic scaling. However, that being said, solutions to bilayers such as
in Fig. 2, while useful for illustrative purposes, do not present the homogenization solution for the calculation of bulk emer-
gent properties of macroscopic electret materials’. The homogenization of electret materials appears to have received scant
attention in the literature — with the notable (and perhaps sole) exception of the work by Lefevre and Lopez-Pamies (2017).
In this work, using a variational approach and two-scale asymptotics, we present a homogenization theory for soft electret
materials and establish general relations for the emergent piezoelectric and electrostrictive response. Specifically, we provide
insights into the conditions under which apparent piezoelectricity may be expected from an electret material. To make de-
cisive progress, using a scaling established by Tian, Bhattacharya and co-workers (Tian, 2007; Tian et al., 2012), we work in
a linearized setting although remark that the coupled problem is nonlinear. We present variational bounds and closed-form
expressions for specific microstructures such as laminates and ellipsoidal inclusions and finally establish some, in our view,
remarkable and unexpected exact results.

The outline of the paper is as follows: in Section 2, we summarize a nonlinear continuum theory for electrostatics of
deformable media and outline the linearization assumptions that will be adopted in the present work. While, the central
goal of the our work is to derive the homogenized piezoelectric response of electrets, the corresponding consideration of
electrostriction is a necessary route to such a calculation as piezoelectricity in electrets emerges from the interaction of
electrostriction and pre-existing residual electrical and mechanical fields. Accordingly, Section 3 is devoted to the homoge-
nization of electrostriction where we have re-defined the effective electrostrictive tensor in Tian (2007), Tian et al. (2012) by
a variational principle. We address the effective electro-elastic properties and homogenization of electrets in Section 4 by the
standard method of two-scale convergence (Allaire, 1992; Cioranescu and Donato, 1999), and remark that Ref. Lefevre and
Lopez-Pamies (2017) considered a more general system that includes the effects of “active charges”. We focus specifically on
the piezoelectric response in Section 5. In Section 6, we present variational bounds, some exact relations between effective
electro-elastic properties, and closed-form results for specific microstructures such as laminates and ellipsoidal inclusions.

2. A summary of a nonlinear continuum theory for electrostatics of deformable materials

In this section, we briefly summarize the continuum theory we will use to describe the coupled electromechanical behav-
ior of electrets. The electro-elastic theory for a continuum body has been the theme of a number of earlier works including
Toupin (1956), Eringen and Maugin (1990), Dorfmann and Ogden (2005), Suo and co-workers (Suo et al., 2008), Suo (2010),
McMeeking and Landis (2005), and Xiao and Bhattacharya (2008). The polarization-based formulation and the systematic
linearization of constitutive relations have been addressed by Tian and co-workers (Tian, 2007; Tian et al., 2012). A re-
cent exposition which compares various flavors of electro-elastic theories can be found in the two papers by Liu (2013),
Liu (2014). Below we briefly outline the general nonlinear theory, clarify the assumptions for a linearized theory of elec-
trostriction, and derive the implications of material symmetry on the electrostrictive tensor.

Notation. For brevity, wherever possible, we employ direct notation. Vectors are denoted by bold symbols such as e,
u, etc. When index notation is used, the convention of summation over repeated indices is followed. The tensor prod-
uct between two vectors a,b € R3 is defined as (@a®b);j = (a);(b); whereas the inner (or dot) product is defined as
(a, b)=a-b:=(a);(b);, and the inner (or dot) product between matrices A and B of the same size is defined as A-B :=
Tr(ATB) = (A);j(B);j. For a domain D, £,() denote the average of the integrand on D. From the viewpoint of matrices, the
ith row vector of the gradient of a vector field, e.g., Vu, is the gradient of the ith component of u (with respect the La-
grangian coordinates X, unless stated otherwise) whereas the “div” operates on the row vectors of a matrix field. Therefore,
divVu = Au and div[(Vu)T] = V(divu). For a scaling parameter 0 <& <« 1 and a real number n, O(¢") implies the asymptotic
behavior O(e™)/e™ — C+#0 as € — 0 where as o(e")/e" — 0 as € — 0.

Consider a deformable dielectric body with reference configuration D c R3. To adequately account for electret materials
we will need to consider the interaction of embedded charges and dipoles with electrostriction and therefore those aspects
are emphasized in the outline of the continuum theory. We begin with the kinematics and assume that the thermodynamic
state of the body is described by the deformation and nominal polarization (y, p) : D — R3 x R3. By the Maxwell equations,
we introduce the electric potential £, and for simplicity, consider the Dirichlet boundary conditions:

E=§& onoD and y=x+u, onaD, (1)

7 In due course, in this work, we will carefully distinguish between what we have termed as “apparent” piezoelectricity and “true effective piezoelec-
tricity”.
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where &, : 9D — R (resp. u, : D — R3) is the imposed boundary potential (resp. boundary displacement). As usual, we
denote by

F=Vy, J=detF, C=FF

the deformation gradient, Jacobian, and Cauchy-Green tensor, respectively.
The nominal polarization p represents the dipole density per unit volume in the reference configuration. Therefore, the
Maxwell equation can be written as (g is the vacuum permittivity)

divy(-€oVy§ +p/)) =0  iny(D), (2)

where subscript y means that the derivatives are taken with respect to the Eulerian coordinates y. In what follows, to
conveniently couple deformation to electrical quantities, it is expedient to work in the reference configuration where the
Maxwell’s Eq. (2) is transformed to:

V. (—JC'VE+F'p) =0 in D, (3)

where (for now) we have assumed that there are no external charges or dipoles.
The free energy of the system is postulated as Tian (2007), Liu (2014):

Flvopl= [ [w(vy.p)+ $VE-Je Ve |ax+ [ n- (el VE +F px, 4

where the internal energy density function ¥ : R3*3 x R3 — R prescribes the electro-elastic constitutive laws of the ma-
terial, the second term is equivalent to the electric field energy fy(D) %°|Vy§|2, and the last term is the potential energy
associated with the electric device (e.g., the battery) used for maintaining the boundary potential (1);. By (3) and the diver-
gence theorem, we may rewrite the free energy functional (4) as

Flv.pl= [ [W(Vy.p)— SVE JC'VE+ VE - Fp]ix (5)

From the principle of minimum free energy, the equilibrium state of the body is determined by the variational problem (&
is determined by (3) and (1);):

min {F[y,p] .y satisfies (1), and / Ip|? < +oo}, (6)
(y.p) D

The Euler-Lagrange equations associated with (6) are given by Liu (2014)

{FTVS +4 =0 in D, -
div(P4ER + Tyw) =0 in D,
where X\ denotes the Piola-Maxwell stress and is given by

Tuw =~ SI(VE - CIVEFT + (FTVE) @ (—JC'VE +F'p). (8)

We remark that (7), together with the Maxwell Eq. (3) and boundary conditions (1), form a closed system of nonlinear
differential equations for (y, p, &), and would presumably admit solutions reflecting the electro-mechanical behavior of the
material.
For a simplified theory of electrostriction, we choose the natural state of the body as the reference configuration, meaning
that (I is the identity matrix in R3*3)
ow ov
o - 2% =0. 9)
OF [Ep-a.0) 9P lEp-a.0)
Also, we assume the material is intrinsically non-piezoelectric in the sense that
92w ‘ _
dFOP [(F.p)-a.0)

Third, we restrict ourselves to the regime of small deformation and moderately small electric field (u(x) = y(x) — x is the
displacement):

Vu~e«1, p ~ ¢!? (and hence — V& ~ £1/2 by (3)). (11)

Then, as shown by Tian and co-workers Tian (2007), Tian et al. (2012) and Liu (2014) we can formally decompose the free
energy (5) according to their order of magnitude as compared with the small parameter ¢. To this end, by (11) we recall the
algebraic identities

Fl=(0+Vu) ' =1-Vu+0(e?),
J=1+1-Vu+0(e?),

0. (10)
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C!'=1-Vu- (Vo) +0(g?),
JC =14+ (V- w)l-Vu- (Vu)! +0(&?).
Inserting the above equations into (4), by (11) we obtain
Fly,p]=F® + FD 1 F@ 4 o(¢2), (12)

where the first term F© := F[y = x, p = 0] is independent of the state variables (u, p),

1 €
FOpl = [ [5p-xp+ SIVER]dx+ [ gn- (~eVe +prdx~e.
D aD

F@lu,p] = / [%Vu .CVu+Vu-M((pep)+ Vu- O’MW]dX ~ g2, (13)
D
Also, by (8) the (leading-order) Maxwell stress is given by
€

Xmw = omw + 0(€), O'MW=_50|V§|ZI+EOVS®VS_Vé:@pﬂ (14)

and the tensors x, C, M are defined as (all derivatives are evaluated at (F,p) = (I,0))
2 2 3
XZB\IJ, :8\11’ M:—l 8\11. (15)
opop oFoF 2 0Fdpap

Similarly, we can rewrite Eq. (3) as

V. (—€VE+p)+o0(?) =0 in D. (16)

Then the variational principle (6), together with the constraint (3), implies the sequential minimization problems
rr})in{F“)[p] : & satisfies (1); and (16)}, and
muin{F(z)[u,p] : u satisfies (1),}. (17)
Immediately, we find that the associated Euler-Lagrange equations for (p, u) are given by

Vé +xp=0. (18)
div[CVu+M(p ® p) + omw] = 0.

Taking into account (16) to the leading order and eliminating p by (18);, we conclude the following system of differential
equations for (u, £€):

V.(eVE)=0 in D, (19)

div[CVu + A(VE @ VE)| =0 in D,
where € = ¢l + ',

-1 -1 €0 1 -1 1

(A)ijir = MDijier (X D (X )i + 5 Tiju + j[&'k(X )it + 0 (X~ ) jkl, (20)
and the fourth-order tensor T : R3*3 — R3>*3 is defined as

TF=F+F — (TrtF)l  VF e R*3,

Tiji = Oikdjt + 838 jx — 8O- (21)

The following aspects are notable:

» We recognize the tensor € € ngxn% as the permittivity or dielectric tensor and refer to the fourth-order tensor A (or M) as

the electrostrictive tensor.

« The scaling introduced in (11) enables us to go from a fully coupled nonlinear system of equations to a semi-coupled
linear one. That is, we may now first solve (19); for the electrical quantities without regard for deformation, and those
then enter as “forcing” terms for the mechanical equilibrium equations (19),.

 The system (19), together with the boundary conditions (1), forms a boundary value problem for (u, £) whose existence,
uniqueness and regularity can be addressed by the classical theory for elliptic systems (Evans, 2010).

« The sequential variational problem (17) obtained by the above formal calculations can be rigorously justified as the
asymptotic limit of (6) by the I'-convergence method, see Tian (2007), Tian et al. (2012). To summarize, in the regime
of small deformation and moderately small electric field and at the absence of intrinsic piezoelectricity (i.e. (10)), the
leading electro-mechanical coupling arises from the electrostriction and is governed by the variational principle (17) or
the associated Euler-Lagrange equations (19).
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Remark 1. The principles of frame indifference and material symmetries imply that the internal energy density function
¥ = W (F, p) has to satisfy

U (RF,Rp) = V(F,p) VReS0@3), (22)

V(FQp)=V(F.p) VQeg,
where G c SO(3) is the point group associated with the material symmetries. It is well-known that (22) places nontrivial
restrictions on the material property tensors appeared in a linearized theory. In present context, we are particularly inter-
ested in the restrictions on the electristrictive tensor A (cf., (20)) or M (cf,, (15)) since the restrictions on C (resp. x) can be
obtained by setting p = 0 (resp. F=1) in (22) and have been addressed in standard textbooks (e.g., Gurtin et al., 2010).

First, we consider an infinitesimal rigid rotation with R=1+W and R3S :={MeR>3: M = -M} 5 W ~ &. By (22);

and (11) we find that

(Hij + Wij)Miji prcpr + Wijpj XaPr = HijMiju P D1

for all He R3*3, W e Rf@v, p € R3, and hence
Miji + Xidjk = Mijiw + X jiik My = Mijig, (23)

where the last equality follows from the definition of M-tensor (15)3. Moreover, by (22) we have
W(F,p) = V(RF,Rp) = V(RFQ.Rp) = ¥ (Q'FQ.Q'p) VQey,

where the second equality follows from (22), and the last follows by setting R = Q. In account of the classic restrictions
on C and Y, by (11) we conclude that

M jrier Qir Qjj Qi Qur = Mijjy ¥V Q € G. (24)

From (23) and (24) we observe that as compared with the elasticity tensor C, the electrostrictive tensor M does not enjoy
the minor or major symmetry i.e. in general, Mjj # My and M # Myy;;. However, for isotropic materials with G = SO(3),
the electrostrictive tensor M has to be of the same form as an isotropic elasticity tensor and can be written as

Mijig = my (8 j + 8xyt) + My 8iidy.
where m,, m, are two material constants in analogy with the Lamé constants of an isotropic elastic material.

Remark 2. For an ideal dielectric material whose electric permittivity tensor € is independent of deformation, the internal
energy density function W = W (F, p) has to be of the following form (Liu, 2014):

1
V(F,p)=W(U)+ 5P RXR'p.

where W = W (U) is the elastic energy density, U= C"2, y = (e — ¢,I)~!, and R =FU~! € SO(3). To calculate the tensor M
defined by (15), we expand the scalar function (s, n) — W (I + ¢Fy, np,) for fixed (F;,p;) € R3*3 x R? at (¢, 1) = 0:

V(I +eF, npr) = W(U;) + ”2%131 S XP1+ %28[—1)1 - XpiTeFy —Fr - (xp) @ o+ F] - (xp1) @ p1l + 0(ne).
where we have employed the following algebraic identities:
C. = (I+F)T(+¢F) =1+¢&(F +F)) +o(e),
Ul =G = 1= S (F +FD) +o(e),
R: = (I+6F)U; ! =1+ 2 (Fy — F]) +0(e),
!
P - R XRIp:

1/det(I+ eFy) =1 - TrF; + o(¢),

£
5Fi- [P @ (xp1) — (xP1) @ il +0(e).
Therefore,
1 1
Fi-Mpiep) = 5F-[p1® (xp) - (xp1) ©Pi] = 5P1 - xPi TrFr,
and hence the electrostrictive tensor A defined by (20) satisfies
1
A(VEg VE) = E[Vé ® (eVE) + (eVE) @ VE —I(VE - €VE)]. (25)
If the material is isotropic with permittivity tensor € = €I, we have

(W) = STy, ie,  A(VE®VE) =eVE o VE - S|VEL (26)
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Fig. 3. A schematic of a periodic microstructure. The color in each unit cell could be, in case of electrostrictive composites, heterogeneities, or (in the case
of electrets) represent external, immobile positive and negative charges.

Remark 3. In contrast to the M-tensor, the tensor A defined by (19) and (20) in general does enjoy the minor symmetry,
ie, (A)jju = (A)jiy, though the Maxwell stress oy itself does not have to be symmetric. For example, if the electric
susceptibility tensor yx is anisotropic, the Maxwell stress oy defined by (14) is nonsymmetric but the electrostrictive stress
(25) is symmetric.

Our interest in this work lies in the electrets, i.e., dielectric soft materials with external immobile charges and dipoles
(p¢, p¢) : D - R3 x R attached to material points. We assume that the presence of these external charges and dipoles do not
alter the material constitutive properties in the sense that the internal energy density function W remains the same as (4),
and hence the variational principle (6) for the equilibrium state remains valid. However, the presence of external charges
and dipoles does alter the electric field since, by the Maxwell equation, Eq. (3) should be revised to

V. [—€JCIVE+F 1 (p+p®)]=p° in D. (27)

Again, in the regime of small deformation and moderately small electric field as prescribed by (11), and hence the counter-
part of (19); can be written as

V.(-€VE+p°) =p° in D. (28)

Our key physical observation is that the external charges and dipoles (p¢, p¢) break the symmetry, change the qualitative
behavior of electrets, and give rise to effective piezoelectricity even in isotropic materials. We will elaborate on this in due
course.

3. Effective properties of electrostrictive composites: A variational definition

The homogenization of electrets, which will be discussed in the next section, requires the consideration of electrets and
electrostriction. Accordingly, it is instructive first to establish the effective properties of purely electrostrictive composites
assuming that external charges and dipoles are absent. In particular, we emphasize here a variational definition which offers
several advantages in terms of establishing bounds and approximations. Several important references exist on this topic
(Lefévre and Lopez-Pamies, 2017; Castafieda, 2001; Smith et al., 2015; Tian, 2007; Tian et al., 2012) and the reader may
access much of the literature through these papers and references therein.

Consider an electrostrictive composite with periodic microstructure as shown in Fig. 3. Let D c R3 be the open bounded
domain occupied by the composite body and denote the local electric permittivity tensor, stiffness tensor, and electrostrictive
coupling tensor by (€® (x),C® (x), A®) (x)). Let Y = (0,1)3 c R3 be the rescaled unit cell (or RVE) of the composite. By
periodic microstructure we mean that

€om.c0m. 190 = (o) ()43



L. Liu, P. Sharma/Journal of the Mechanics and Physics of Solids 112 (2018) 1-24 9

where X — (E# (X), Cx(X), A#(i)) are Y-periodic functions.

We denote the effective permittivity tensor by e¢ff, the effective stiffness tensor by Ceff, and the effective electrostrictive
tensor by A®ff. For the periodic composite specified by (29), Tian (2007) and Tian et al. (2012) have shown that these
effective tensors are such that for any & e R3 and H € R3*3,

€“Te = fy[e#oz)(—vsé)],
CoTf — ][ [C¢(®)Vug],  and
Y

H-A@0®) = f [Vuy: 44 (0(Vie® Vo)l (30)
Here, the electric potential & € Pz (resp. displacement uy € Uy) satisfy the unit cell problem
divies (X)(-VE&:)] =0 ( resp. div[C4(X)Vuy] = 0) inY, (31)
and the admissible space Pz (resp. Ug) is defined as
Pe = {S : _fyvg =e and V¢ is Y -periodic }
(uﬂ = {u : nyu =H and VuisY -periodic }) (32)

As is well-known in the classic homogenization theory for linear systems, the effective permittivity tensor € and the
effective stiffness tensor C®f can be alternatively defined by the variational principles (Berdichevsky, 2010a, 2010b; Milton,
2002, 2016; Willis, 1981) that for any & € R? and H e R3*3;

. e — min {][yvg ex(R)VE: £ e ,Pé}’
l:l.(ceffl:l:min{][yvu.c#(X)Vu: lleu,;,}. (33)

Our first observation is that the effective electrostrictive tensor A®ff, together with the effective stiffness tensor Cff, can be
alternatively defined via a variational principle

®ET(H, &) := min {][ Vu. [%c#(x)w + AR VE: ® Vgé] Cue uﬂ},
Y
oL (, &) —: %H CTH 4 H - AYT(@ &) — o (@), (34)

where &; € Pg is determined by the first of (31) and ¢g(e) will be specified later by (42). In other words, the effective
stiffness tensor Ceff and effective electrostrictive coupling tensor A®ff can be defined as
li§ ff
eff az_ig_ and A= —18_3& (35)
oHOH | @,6)-0 2 9Hoede | @e)—0
respectively.
To see the consistency between (34) and (35) and (30),, 3, we notice that a minimizer u;él € Uy of the variational problem
(34) satisfies

V| Cy u + AxVE:s ® el = mn Y.
div[C4Vus \Y V&]=0 inY (36)
Let u® = u;;l — uy. By the second of (31) and (36), we see that u? e U, satisfies
V[Cs VU™ + Ay VE: ® &l = Iy,
div[C4xVu® \Y V&]=0 inY (37)

implying that the displacement u® is independent of the average strain H. By the divergence theorem, the second of (31) and
(37) imply the following identities:

][ Vu® . CyVuy — _][ - div(Cy4Vug) = 0, (38)
Y Y

f Vul;, . (C#Vlll:l =H- f (C#Vu,;, =H- (Ceffl:l, (39)
Y Y
and

][ VU - [Co VU + Ay Vs © V] = —][ w0 - div[Cy VU + Ay VEs ® Vg] = 0. (40)
Y Y
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Therefore,
DL (1, &) = ]fyvu;;l . [%c# RV + Ay () VEe ® vsé]
= VO 4 up) [SC RV +up) + 450 Ve 8 V]
- ][y { —;Vuﬂ LCHR) Vg + VU° - Co(X) Vi + Vg - A(R) VEs ® Vg
+VW0 [ 2C @V + A0V @ V] |
= JR-CTR 4R AT@ 0 8) - po@), (41)
where the last equality follows from the definitions in (30), (38) and (39). In addition, by (40) we identify
b0 (&) = —fyvuo : [%c# @)V + Ay (R)VEe ® vsé] _ %][yvuo  Ca(R) VL. (42)

We reiterate that the variational definition (34) and (35) of the effective electrostrictive coupling tensor A®f is useful, par-
ticularly for obtaining rigorous bounds on the effective properties. Moreover, it implies the interpretation of the effective
stiffness tensor C¢ff and the effective electrostrictive coupling tensor A® as the linear mappings such that

CM 4 AT (@ @ 8) = ][Y[C# RV + Ap (R) Ve © VE], (43)

which may be regarded as a generalization of the classic Hill's relation (Hill, 1963) to electrostrictive composites. To see
this, we differentiate (41) with respect to H. The last line of (41) yields the left-hand side of (43) whereas the first line of
(41) yields the right-hand side of (43).

4. Effective electro-elastic properties of electrets
4.1. Problem formulation

We now consider electrets, i.e., electrostrictive composites with pre-doped external immobile charges and dipoles. Let
PD, p®): D R3 x R be the density of the external dipoles and charges. Here and subsequently, we drop the superscript
e on (p®, p®) for clarity and tacitly understand that they are “external” source terms for the electric field. Moreover, the
scaling parameter § reflects the fine microstructure of the composite as compared with the macroscopic length-scale of the
domain D. We are interested in the macroscopic behavior of the electret in the asymptotic limit § — 0.

For simplicity, we consider electrets with periodic distribution of materials (i.e., (29)) and external charges and dipoles
(cf., Remark 5):

PP, 0@) = xp(P+P+(3). o+ 50 (%)), (44)

where (p4, p4) : R3 - R3 x R are Y-periodic functions , xp (=1 on D; = 0 otherwise) is the characteristic function of do-
main D, and

fy(l’#, p#) = 0.

We remark that the scaling (44) represents the particular physical scenario that the density and magnitude of external
charges and dipoles are invariant for any subdomain D; c D as § — 0O:

Jo.0%.0%) > @.9). (45)
Also, all multipoles beyond the dipole induced by (p‘®), p(®)) vanish as § — 0 (|| = ctq + 0ty + 3):

][D1x‘{‘1x‘;‘2x§‘3p(5) -0 if|a|>1,

][D]x‘{“xg‘zxg‘3p(‘” >0 if|a|>2. (46)

Because of the particular scaling (44) and properties (45) and (46), the asymptotic fields and energy can be conveniently
calculated by the method of two-scale convergence. There are, however, physical situations where the scalings (44) may not
be appropriate (James and Muller, 1994), requiring more careful considerations.

Without loss of generality, we consider the Dirichlet-type boundary conditions (1) for the electrostatic potential and
displacement on dD. In the regime of “small strain and moderately small electric field”, the local electric field is uncoupled
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with the elasticity and determined by

div[-€®PVE®  p®]=p® in D,

EC) =g, on aD. (47)

The electric field induces a Maxwell stress given by A®)VE®) @ VE©®) and henceforth, the mechanical equilibrium equations
take the form of

div[C®Vu®  AOVED @ VE®D ] =0 in D,

u® =y, on dD. (48)

In the next three sections, we proceed to the multiscale analysis of (47) and (48) based on the method of two-scale conver-
gence (Cioranescu and Donato, 1999; Milton, 2002).

Remark 4. From the viewpoint of the electrostatic problem (47), a distribution of dipoles p©® : D — R3 is equivalent to a
distribution of charges p’® = —V . (p® xp). Conversely, for a given charge distribution p©® : D — R3 we can solve for a
dipole distribution p’® : D — R3 such that

-V @Pxp)=p®-p  inD. (49)
where p =7fD,o(‘3) is the average charge distribution. Therefore, if 0 = 0, there should be no difference in the electric field
and associated mechanical effect induced by p’(®) and p®) or by p(®) and p/¢%).

4.2. Multiscale analysis: Electrostatics

We first focus on the electrostatic problem (47). Our goal is to understand the asymptotic limit of the solution £(®) to
(47) as 6 — 0. According to the formal procedure of multiscale analysis, we introduce the ‘fast variables’ X = X/ and write
the solution £(4) to (47) as

EOX) =EOXX) +ED XX+, (50)

where X — £® (x, %) is assumed to be Y-periodic for all i and ,&® = 0 if i #0. Also, from the definition and chain rule, we
have the relations:

V = Vx+ %Vﬁ, div — divg + %divf(. (51)
Then the original problem (47) implies the following. First, the leading term is of O(aiz):

1 .. <

S—Zdlvﬁ[e# X)VzE @] = 0. (52)

Since X > & (@ (x, %) is Y-periodic, a solution to the above equation has to be independent of the fast variable X:

£0 =0 x).

The next term is of O(3}):
jdive{ — €@ [VxE@ + ViED] 4 ()} = §o+(X) ¥ (X, X) eDxY, (53)
which motivates the unit cell problem for éé(l) € Py and e € R3:
divg[€4(X) (—Vz&L" + @) +pyl = py in Y. (54)

We remark that the unit cell problem (54) determines the local oscillatory electric field —Vz&() as implied by (53) with
—Vx&©® = & at a fixed point x € D. Further, we introduce

g =gV —e.x-& Iie,

- Vgl = —Vi(Gs +8). (55)
where &; € P; is a solution to the first of (31). The difference between (54) and (31) implies that &’ € Py satisfies

divg[€4(X) (= VzE") + ps#] = p# inY. (56)
It is clear that a solution to (56) is independent of the average electric field @ which. We by

@~ [e0®)(~VaE) + o] = €0(R)(~Vat"), (57)

Then by (30)4, (55), and (57), we have

fy [ %)@ — VxE™M) +py] = fy{e#@)[—vx(sé +EN P} = e+ d, (58)
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where €°ff is the effective permittivity tensor defined by (30);. Finally, the O(1)-terms in (47) yield that ¥V (x,X) € D x Y,
divy[ — € R)[ Vo @ + VzE D]+ b+ Py (%)] + divs| - xR VzEP] = 5 + pr(%). (59)

Integrating the above equation over the unit cell Y, by (58) and (47), we obtain the boundary value problem for the macro-
scopic electric potential £(9):

{divx(eeffvxg<0> +@®+d)xp)=4 in D,

£0 =g, on dD. (60)

Remark 5. For a given composite in applications with RVE of length scale §q (0+#38y « 1 is fixed), according to the assump-
tion (44) the external charge and dipole distributions can be written as

(0®00.p%00) = (5+508(5 ) B+pe(5 ) f P =0. (61)

From the viewpoint of fundamental physics and taking cognizance of Remark 4, the microscopic oscillatory electric field
—Vi;£&' as determined by (56) can be attributed to an oscillatory charge distribution alone:

divg[es (X) (—VzEN] = Py (X) := py(X) — Vi - px(X).

Conversely, if p;, satisfies that —Vx - (p}, (X)) = p#(X) in Y, we can alternatively attribute the microscopic oscillatory electric
field to an oscillatory dipole distribution alone

divg[ €4 (X) (= Vx&") +P#(X)] = 0,
where Py (X) = Py (X) + P (X).

4.3. Multiscale analysis: Elasticity

For the elasticity problem (48), in analogy with the analysis of electrostatic problem (47) we write the solution as
u®x) =P %) +5uV X X))+, (62)

where we recall that X = x/8 is the ‘fast’ variable and u™ (x, X) are periodic functions of X with period Y and fyu(”) =0 if
n#0. Inserting (62) into (48);, by (51) we obtain the leading O(Siz)-terms:

1
52
Being periodic in X, a solution to the above equation has to be independent of X:

u® = u@(x).

divg[Cs®)Vu@ (x,%)] =0 ¥ (x,%) eDx Y.

Next we collect all the O(1/8)-terms:
0= %divx{C#(i)[VxU“) (%, %) + Vxu©@ ()] + Ax (%) (VxE @ + VD) @ (VuE@ + Vxé“))}- (63)
In analogy with (53), the above equation motivates the following unit cell problem for ul(:l” € Uy:
dive | €4 (R) (Vo) + ) + As (R @~ Vi) © @~ Vas!") | =o0. (64)

where the average strain H € R3*3 in the unit cell Y can be arbitrarily prescribed. Recall that u;gl is defined by (36). Parallel
to (55) we introduce

) Ag ;
u=u, +Hx—u;§l, ie.,
Viul) + H = Vg (uj + 1), (65)

and by (55), rewrite (64) as
dive{ € (O [Vau, + 0)] + g O] (V' + Vibe) & (Vi€ + Vigel| =0. (66)

By (36) we obtain
divi{c#(i()v,zu’ + A (B[ Vit ® ViE' + 2Vt ® ngé]} 0. (67)

Clearly, a solution u’ € ¢4y to the above equation is independent of the average strain H.
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For convenience in what will follow, we decompose the solution to (67) into two parts, u’ = u} +uj, so that u} depends
on e (linearly) while u) is independent of e. That is

divg[Cy (%) Viu| + 244 (%) (V€' ® Vzée)] = 0.
divg[Cy (%) Vit + Ay (R) (V€' ® Vi€')] = 0.

Solutions to the above linear differential equations enable us to introduce a third-order tensor B¢ and a second order tensor
0
oY as

(68)

e _ ][Y [Co (%) Vi, + 244 (%) (V&' ® Vike) ] (69)
and

0 = f [Co(Vat + As(R) (Vi & Vst (70)
re_sp_ectively. From the above definitions, it is clear that (B¢, 6°) are independent of the average electric field and strain
© \l;lv)e now calculate the average stress in the unit cell

][Y {(C#(X)[V;(ug) ®) + ]+ A (0 (8- Vi£") @ (8 — v,zgé(”)}
= ][Y{C# (X) Vg + Ay (Ve ® Vie) + Cx(X) Val + A4 (X)[VE @ VE' +2VE Vfé]}
= C*H + AT (& @ @) + B°Te + o”, (71)
where the first equality follows from inserting (55) and (65), and the last equality follows from (43) and (69). Finally, the
O(1)-terms of (48); implies that V (X,X) e D x Y,
div{ € (%) Vau ) (x. %) + Vo © (0]
AR (V@ + VD) 0 (Vg © + Vas M) | o0,

Upon integrating over Y, by (71) and (48), we obtain the boundary value problem for the macroscopic displacement u(® :

divyo = 0, in D,
iu“’) =u, on aD, (72)
where

o= (Ceffvxu(()) _ Beffvxg (0) + Aeff(vxg (0) ® ng(O)) + o_0
can be interpreted as the total stress in the electret.

Remark 6. From the definition (69), we see that heterogeneity in either elastic properties or dielectric properties is nec-
essary for a nontrivial effective piezoelectricity tensor Beff. However, the experimental measurements of piezoelectricity of
electrets also include another contribution which, termed “apparent piezoelectricity”, does not require elastic or dielectric
heterogeneity. The distinction between these will be carefully discussed in Section 5.

4.4. Multiscale analysis: Variational approach

It is instructive to carry out the multiscale analyses in Sections 4.2 and 4.3 from a variational perspective. Besides being
useful for rigorous bounds, the variational approach yields relations for effective properties that are convenient for extending
the present definitions of effective properties to include elastic and electrostatic effects of interfaces.

We first consider the electrostatic problem (47) and introduce the classical Dirichlet energy functional

918 = [ [5V6-€0VE—p® . Ve + o] (73)

By the standard calculation of first variations, we see that (47) is precisely the Euler-Lagrange equation associated with the
variational principle

minI®[g], M= {g:u_m‘ /D|vg|2 < 400, E =& on aD}. (74)

Eer

In account of the fine microstructure of the composite, we restrict ourselves to test solutions £() that admit the multiscale
expansion (50) and recall the identity that for any Y-periodic function X — f(x, X),

/Df(x, %)dx:/[)][yf(x,i)didwi(l). (75)
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Inserting (50) into (73), by (75) we have
1
S[e@®] _ (0 )V £ 0
O[] = Zészfyvxs”f#(x)vxs(

s fD ]fy[w;(“) 2@ ViE® — pg) +E@py] + [ ED] 1 0(1), (76)
where
1 <
Izs[é(o)’g(l)] — / [][ j(vx5(0)+vx§(l))-6#(X)(Vx§(0)+Vx§(l))
pL)y
Pe () (VaE© + ViE D)~ B Vag @ 4 put D 4 55O, (77)

To keep the functional (76) finite as § — 0, we infer that £,|Vz&©@|2 =0, ie., §© = &©(x, %) must be independent of the
fast variable X. Neglecting the higher-order term o(1) in (76), the variational problem (74) can be recast as

min min {I#[£© D] : &M (x,%) is Y -periodic in X}. (78)
EOeyH

The inner minimization problem in (78) against microscopic oscillatory electric potential £ (1) (x, X) motivates the following
definition of unit cell energy functional:

Q@ = min f [ 5@ Vaé) €x(R@E— Vab) +Po(®) - &~ Vab) + it | (79)
§ePo J Y

It is not hard to see that a solution to the variational problem (79), denoted by Eé(”, will satisfy the associated Euler-
Lagrange equation, i.e., the unit cell problem (54). Therefore,

Q@) = f [(E-Vetl) e (e Vit") + B - (6~ Vi)
= fy[%vi(éé +&') €s(X)Vx(&e +£') — P+ (X) - Vz(&e + f/)]

15 V5o x®0Vse + Vit [exOVsE - B ]} +
Y

= %é.eeffé+é.a’+qo, (80)

where the second equality follows from (55), and the last equality follows from (33);, (57) and the following definition of
constant Qqp:

1 - -
Q = fy[ﬁvi‘&/ €4 (X) Vi —py(X) - Vz&' + ,0#5/]»
Comparing the integrands in (79) and (77), we see that

. . ZS (O) (l) . (‘l) ~ . _ . . . ~
Jnin min {B[£@, W] : ED(x,%) is Y-periodic in X}

= min / [Q(VE®) —p- Vi@ + pE @]
D

EOQ ey

= min {/ [—1 Vi@ eV, E© — (d' +p) - VaE@ + pé(o)]dXJr const.},
goen lJplL 2

from which we observe that the macroscopic electric field —Vx& (@ satisfies the boundary value problem (60).
Similarly, for the elastic problem we consider the “linearized” energy functional for the composite body D:

FO[u] = / [%Vu COVu+ V. AD (VED @ vs@)], (81)
D

where £ is the solution to the variational problem (74) or the boundary value problem (47). By the standard calculation
of first variations, we see that (48) is precisely the Euler-Lagrange equation associated with the variational principle:

minF®[u], w:= {u:D—> R3
ueW

/ |Vu|? < 400, u=1u, on 8D}. (82)
D
Restricting ourselves to test solutions u(®) that admit multiscale expansion (62), by (81) and (75) we again infer that u(©® =

u©® (x, %) must be independent of the fast variable % to keep F%)[u(®)] finite, and find that

FO[a®] = F3[u®, u®] +o(1). (83)



L. Liu, P. Sharma/Journal of the Mechanics and Physics of Solids 112 (2018) 1-24 15

where

FS[u© yM]: = / ][ (qu(°>+V,~(u(1))~[lc#(i)(vxu(o)Jeru“))
pJy 2

+A R [(VaE@ + ViEM) @ (Vi@ + vxs<1>)]]. (84)
Neglecting the higher-order term o(1) in (83), the variational problem (82) can be recast as
min min {F*[u®, u®]: u(x,%) is Y-periodic in X}. (85)
u®ew

The inner minimization problem in (85) against microscopic oscillatory displacement u(» (x, X) motivates the following def-
inition of unit cell energy function:

e 1. & . H T 1 v T
(F;@) : = min ][y (A+ Vzu). [—Z(C# (%) (H + Vxu)

@[ (@ - Vi) @ (- V)] | (86)

where “g‘é“) satisfies the unit cell problem (54). A solution to the above variational problem, denoted by ul(.{”, satisfies the
associated Euler-Lagrange equation, i.e., the unit cell problem (64). Therefore,

() = f (Vi + Vaw') - [5Co 0 (Vo + Viw')

+ ARO[ V(6 +§) © Va6 +£)] ]

=:To+T+T =T+ D (H; &) + H- (B"e + ay). (87)
where the first equality follows from (55) and (65), and the last equality follows from the following definitions:
T = f Vo' [1Ch @ VU + 44 (B Valbe + £ @ Vi (e + )] | (88)
1 - - -
T = ][Yqu,’E, . [EC# (%) Vi, + Ay (R) Vs @ Vigé] = OT(A,&) (cf, (41)), (89)

and
T = f Vit [Co(Vatd + e ) (Vi€ ® Vo' +2Vi6' ® Vae)]
=H. ][ [Co(®) Vrt' + Ay (%) (V&' @ Vi’ +2Vit' ® Viés) |
Y
=H. (B"e+ag) (cf, (67)—(69)). (90)
We note that Ty is independent of H. Comparing the integrands in (86) and (84), we see that

min min {Fzs[u(o),u“)] cuM(x, %) is Y -periodic in X} = min / CIDeff(Vu(O))
D

u®ew u®ew
. 1
= min | / [ V@ (SCMVU 4 AT (V@ i Vo ©) - BTVE + 00 )| + G .
uoew L Jp 2

from which we immediately find that the macroscopic displacement u(®) satisfies the boundary value problem (72).

In conclusion, upon solving the unit cell problems (53) and (64) or directly the minimization problem (86), we can
determine the “effective” internal energy density ®¢f = ®ff(H, &) as a function of average strain and electric field (H, &).
From (41) and (87), we find that the functional form of the effective energy density has to be of the following form:

OM(, &) = %ﬁ CCTH 4 H AT (@ 0 8) + H-Be + 00 H — g (&) + (&), (91)

where ¢ is independent of (H, ). Therefore, the fourth-order effective stiffness tensor C¢ff, third order piezoelectric tensor
Beff and fourth-order effective electrostrictive tensor A®f can be alternatively defined as

92 q)eff Beff B az(peff Aeff B l 33q)eff

(Ceff — , _ , = — .
OHOH | f1,6)=0 dHoe | (fe)=0 2 9Hoeoe (H,8)=0

(92)
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5. The distinction between “apparent” and “effective” piezoelectricity of electrets

As outlined in the introductory section, experiments and past theoretical works have pointed out that electrets display
an apparent piezoelectric like effect. In this section, based on the analysis in the preceding sections, we carefully extract the
piezoelectric properties of electrets and distinguish between “apparent” piezoelectricity—which is not a true bulk property
in the thermodynamic sense—from “effective” piezoelectricity (which is).

From the analyses in Section 4.2-4.4, we see that the macroscopic electric field and strain of the electret are determined
by (60) and (72), respectively. In particular, from (72) we see that the electret is effectively piezoelectric since the term
—BeffV4£© can be interpreted as the stress induced by electric field. We also notice that the doped immobile dipoles and
charges (p'®, p®) have no influence on the effective permittivity tensor e, stiffness tensor Ceff and electrostrictive tensor
A®ff. The third-order piezoelectric coupling tensor Beff defined by (69) does depend on the microscopic charge density and
polarization (pz, p#) in the unit cell and microstructure, but is independent of the boundary conditions (1) and the average
dipole and charge distributions (p, p).

In an experimental setup, there are additional contributions to the apparent piezoelectricity due to the electrostrictive
effect that depends on the macroscopic boundary conditions and the average charge and dipole distributions. The reason
lies in that experiments measure the response of the electret with reference to certain initial state, e.g., the natural state of
the electret when the body D is placed in space and free from external mechanical and electrical loading on its boundary:

& =0 and on=0 on aD, (93)

where n is the outward unit normal on dD. This initial configuration may admit nonzero displacement and electric field
with respect to the reference state defined by (9) because of the presence of externally doped charges and dipoles. From the
analysis in prior sections, in particular, (60) and (72), we see that the macroscopic electric field (denoted by —V&i) and
displacement (denoted by ui™) in this initial configuration are respectively determined by

dw[eeffvg:ini + P+ C_l/)XD] =p in D, (94)
gml — Eb =0 on 9D,
and
div[(ceffvxuini _ Beffvx%-ini
+Aeff(vx§ini ® vxgini) + 00] =0 in D,
[Ceffvxuini _ peffygini >
+AT (Vg™ @ Vu&™) + oo]n =0 on 9D.

Next, we consider an applied voltage such that the apparent average electric field in the body is given by &% € R3, i.e., the
following boundary conditions

& =—-e%.x and on=0 on dD. (96)

Again, by (60) and (72) we infer that the macroscopic electric field (denoted by —V&fin) and displacement (denoted by ufin)
in this final configuration are respectively determined by

div(ecffvgfin +(P+ d)xp) =4 in D, (97)
gin_g — _@&%.x on aD,
and
div[Ce“quﬁ“ — BTV, gfin 4 AE“(VXS fin @ Vy&fin) + 00] =0 in D, (98)
[CeMVyufin — BV, £fin 4 A°f(V, 600 @ Vy£fin) +6%ln=0  on 9D.
Comparing (94) and (95) with (97) and (98) we see that
_V(%-ﬁn _ %-ini) —a0 in D,
and that the change of strain Vu™s := V (ufi® — ui") satisfies the following boundary value problem:
div[CeTVuche + Beffe? — 2A°(Vygini @ 0) + A°T(&° @ &%) | =0 in D, (99)

[Ceffvxuchg + Beffed — ZAEff(VXSmi ® éo) + Aeff(éo ® éo)]n -0 on 9D.
From (99) we may identify the quantity
B3P — Beff _ 2Aeffv%-ini (100)
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as the apparent piezoelectric tensor of the composite, which in general depends on the position-x if the macroscopic initial
electric field —V&M is nonuniform on D. We emphasize that the apparent piezoelectricity arising from the pre-existing
electric field (i.e., the second term in (100)) is present even in homogeneous dielectric electrostrictive materials.

At this point, it is worthwhile to summarize the effects of the doped external immobile charges and dipoles in electrets.

1. In the absence of external charges and polarization (i.e., px = p# = 0), the overall composite behaves like an elec-
trostrictive material with effective stiffness and electrostrictive tensors as defined by (92). The determination of the
effective electrostrictive tensor A®ff (cf., (30); or (35)) requires the solution to the unit cell problems (31) or the vari-
ational problem (34), and is independent of the external charges or dipoles.

2. In the presence of external charges and polarization:

_ x\ . 1 X
(. p?) = xD(p+p#(3), p+ gp#(g)),

the microscopic oscillatory electric field as determined by (54) depends on the microscopic oscillatory dipole and
charge densities (p4, p#) but is independent of the average dipole and charge density (p, 0). The effective internal
energy density (91) and the effective tensors defined in (92) (e.g., Bef), do depend on (p4, p#) but are independent
of the average (p, p) or the macroscopic boundary conditions, e.g., (1).

3. If the average polarization and charge density (p, p) = 0, for boundary condition (93) the initial electric field — V&
defined by (94) vanishes, and hence the apparent piezoelectricity coincides with the effective piezoelectricity by (100).

4. If the average external dipole and charge densities (p, o) are nonzero or the initial macroscopic boundary conditions
are nontrivial, an important effect lies in that a nonzero macroscopic electric field is present in the initial state (cf.,
(94)). In this case, the electro-elastic response of the composite with reference to the initial state behaves as a piezo-
electric material with an apparent piezoelectric tensor B?P given by (100), which may be nonzero even if Beff = 0.
Therefore, one must be careful in interpreting the observed piezoelectricity in the experiments of electrets and differ-
entiating the two contributions in (100).

6. Applications

The results established in the preceding sections may be used to design next-generation electret materials; espe-
cially using numerical tools or topology optimization approaches as in the context of conventional piezoelectricity, (cf.,
Nanthakumar et al., 2016). Below we present some applications that can be arrived at analytically.

6.1. Rigorous variational bounds for effective electrostrictive tensors

As a first application, we derive rigorous bounds for the effective electrostrictive tensors A®ff based on our variational
definition (34). It will be found convenient to make the following definitions:

-1
@:f@#, (CH=|:f (C;l]
Y Y

the arithmetic and harmonic mean of the elastic property tensor, respectively. It is well-known that the classic Voigt-Reuss
bounds hold for the effective elastic tensor Cff (cf., (30), Milton, 2002):
HCyH<H.-C"H<H.-CH VHeR>*3,

Also, since the electrostatic problem (31); has to be a priori solved to define the variational principle (34);, we take the
microscopic electrostatic field —V£;, the effective permittivity and elasticity tensors (€°ff, C¢ff), and the nonnegative qudratic
function ¢q(e) defined by (42) as given quantities in our subsequent calculations. For brevity, we introduce quantities:

Pé = A#(X)Véé ® Vgé, [_)é = f Pé, Fé = ][ (C;]Pé. (101)
Y Y

In addition, we restrict ourselves to ideal dielectric materials with the electric permittivity tensor € and the electrostrictive
tensor A defined by (25). From (25) and (30) we find that

P: = %][ [V%‘é ® (€4 V&) + (€4 V&) @ V& — 1V, - (G#VSé)]
Y
= —%(é -€8) + %][Y [Vfé ® (€4VEe) + (€4VEe) ® VS@],
and hence TrP; = —1 (& - e°fé) in R3.

For a Voigt-type bound on the effective electrostrictive tensor A®f, we choose a particular test strain field Vu = H for
the minimization problem (34); and obtain that
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Fig. 4. An electret of two ideal dielectric materials: (a) A simple laminate, (b) a rescaled unit cell.

(.8 = f B [3C®f+ ARV o VEr)|
— R CH+H. fyA#@)(vsé ® V)
=—H-CH+H-P;.
By (41) we conclude that VH € R3*3, & € R3,
Ao A@@ &) < o (C— CMA+ APyt 4o@). (102)

where ¢ (e) is defined by (42).
For a Reuss-type bound, neglecting the differential constraint on the strain in (34); we have

- . - 1 - - .
®gT(A,€) > min {fyM(x) : [—Z(C#(X)M(x) + AR VE ® Vsé] S Me Mﬂ}, (103)
where the functional space My includes all Y-periodic tensor fields with average H:
My = {M :Y - R? is Y -periodic and ][ M= l:l}.
Y

The minimization problem on the right hand side of (103) can be explicitly solved by the method of Lagrange’s multiplier,
and the minimum is given by

%Fl CyA 4+ A CyFe + %[Fé  CyFe — fyp : c;lp].
Inserting (34), into (103), we conclude that
A AT (@0 8) = - (Cy— CM)A 1 A CyFe
+ho(®) + —;[Fé  CpFe — ][yp.@;p], (104)

which can be regarded as a lower bound. We remark that tighter bounds on the effective electrostrictive tensor A parallel
to the classic Hashin-Strikman’s bounds can be derived by similar methods used in Liu (2010).

We remark that the rigorous bounds (102) and (104) are implicit and microstructure-dependent since the effective ten-
sors Ceff e°ff and quantities defined in (101) are unknown. Nevertheless, they still provide important benchmarks for nu-
merical computations of effective properties for specified microstructures of electrostrictive composites.

6.2. Effective piezoelectricity of laminated electrets

In this section we address the two-phase simple laminate as shown in Fig. 4 for which closed-form results are possible.
The effective electrostrictive tensor for laminates has been explicitly calculated in Tian (2007), Tian et al. (2012) where
external charges and dipoles are absent. Earlier works (Deng et al., 2014a, 2014b; Lefevre and Lopez-Pamies, 2017) have
addressed the effective piezoelectric responses of electrets without differentiating the apparent and effective piezoelectricity.

Within the rescaled unit cell Y as shown in Fig. 4(b), we assume that the two layers are made of ideal isotropic dielectric
elastomers with Lamé constants wy, Ag, electric permittivity €,, and volume fraction 8, (@ =1, 2). Without loss of gen-
erality, we assume that the normal to the layers is aligned with e;-direction and the external polarization on each layer is
given by pye; (a = 1,2). From Remark 2, (26), the electrostrictive tensor of the two layers is given by A©®) = .

To determine the effective piezoelectricity defined by (69), we first consider the unit cell electrostatic problem (56) that
determines the microscopic oscillatory electric field —V&’:

€€ —0  ifxe (0,6,)U (1),

(—61% +P1) o (—62% +P2)
§'(0) =§'(1).

)

01+

-
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A solution to the above equations implies that
D2 — D1 .
Oy ——— f 0,61),
7d7€/_ 291624‘926] ifxe( 1
dX N 0 pZ - pl

0 The ifxe (0;,1).

Next, we need to calculate the electric field —V&; associated with an applied average electric field & € R3 that is determined
by (31);. For a laminate as shown in Fig. 4(b), (31); implies that

€ .
mel ifx e (0,6,),
—Vée, = €1 if 0
Bl SO0
—Vé,=e, inY

Thirdly, we consider the elastic unit cell problem (68),. If € = e;, the source term in (68); is given by
0r€162(p2 — p1)
(0162 + B2€1)?

t1€1€2(p2 — 1)
(0162 + br€)2
which is constant in each of the layers. Therefore, we expect that the strain as determined by (68); is piecewise constant
and denoted by

R ifxe(0.0)),
Vul_!Fz ifx e (6;,1),

e;®e; 1) ifxe (0,0,),
244(VE' ® Ve, ) = (105)

Qei®e 1) ifx e (91, 1),

(106)

From the compatibility condition, the equilibrium equation (68);, and the fact f, Vu} =0 we obtain that for some vector
acR3,
Fi-F,=aw®e,

_aeP-p),
(Or€a +Orer)?
011:1 +92F2 =0. (107)

From the above equations, we immediately find that

{Fl = Bithe ® ey,

(C1F1 —CFy)e; =

F, =-Bi0e; e,
Br=— €1€2(P2 — p1)
(0162 + 02€1)2[61 22 + X2) + 2 e + A1)]
Finally, according to the definition (69); we conclude that
Be; = ][y [C(R) Vit + 244 (%) (Vi ® Vie) |
= 16162(C1 —Cr)e; @ e;
= B16162[2(p1 — p2)er @ e + (A — I (108)
If @ = e,, the source term in (68); for is given by
02€1(p2 — p1)
(01€2 + O2€1)

_biea(p2 —p1)
(0162 + Or€1)

Again we consider a solution to (68); of form (106). By the compatibility condition, the equilibrium Eq. (68);, and #, Vu} =
0, we obtain that for some vector b € R3,

(e1®e+e,®e) ifxe(0,67),
2A#(VS’ [ V-‘;:el) =
(e1e+e,®e) ifxe(61,1),

Fi-F,=bge,
(C1F; — CoF2)er = —(p2 — p1)ea,
01F; + 6,F, = 0.

Therefore, the solution to (68); is given by

vu = ﬂ29282 R €q ifx e (0,91), /3 _ D2 — D1
7 -Bbier@ey ifxe (61.1), N



20 L. Liu, P. Sharma/Journal of the Mechanics and Physics of Solids 112 (2018) 1-24

(@) ®

D €n Y

Fig. 5. An electret consisting of a soft matrix with second-phase dipolar inclusions: (a) The overall composite body, (b) a rescaled unit cell.

Finally, by (69); we find that

0,01(€1 — €2)(p2 — p1)
(61€2 + O2€1)

Beffe, = B,016,(C1 —Cy)(e; ®eq) +

=BT (e;@e; +e,e).

(e1®e;+e;@e)

where

BT = 0,6, (py — [MZ_M1+ oo ]
122 = 0102(p2 — p1) Ua+ 1 (b1€ +6r€7)

Remark 7. In practice, it is often more convenient to assess the actuation capability of an electric field by the actuating

strain. Associated with the actuation stresses (108) and (109), the strain tensor Se; € ngxr% can be defined as (cf.,, (99))

Cef'S,, + Befe; = 0, (109)
where C®ff is the effective stiffness tensor of the electret. In particular, if the constituent materials are incompressible, i.e.,
Ag = 400 (a0 =1, 2), the associated actuation strain Se; can be found by solving the following algebraic equations:

CeffSe, + nl+ Bfe; =0 and TiS,, =0, (110)
where 7 is the Lagrange’s multiplier associated with the constraint of incompressibility. From (108) and (110), we immedi-
ately find that

Se, = (Ceff)*lﬁeffe]
whereas

Se, =S?(e1@€;+e; @ e),
_9192(172*P])(91M2+92M1)[M2*M1 €1-€ ]
22V M2+ 1 (1€ +60261) 1

Remark 8. Our earlier work (Deng et al., 2014b) presented the “effective piezoelectricity” for a finite double layer structure.
The result (Eq. (37) in Deng et al. (2014b)) includes the apparent piezoelectricity discussed in Section 5 and the structural
effect of double layers, and hence cannot be directly compared with the effective piezoelectricity obtained in Remark 7.
Nevertheless, from (105) we may recover Eq. (37) in Deng et al. (2014b) if the associated boundary value problem is solved
(within the same approximation).

512 —

6.3. Effective piezoelectricity of electrets without elastic contrast or dielectric contrast

In this section, we consider an electret of two-phase materials with single-domain inclusions embedded in a soft ma-
trix. The permittivity and stiffness tensor of the matrix (resp. inclusion) are given by €, (resp. €,) and Cy, (resp. Cp). For
simplicity, we assume that the inclusions are uniformly polarized with polarization ps, which is a given constant vector and
independent of the electric field. As illustrated in Fig. 5, let Y be the rescaled unit cell and €, C Y be the (rescaled) polarized
inclusion, and denote by x, (resp. xm) the characteristic function of the domain €2, (resp. R3\ Qp), e,

)1 in Q,, _J0 in Ly,
=10 inyY\Q; f"T)1 inv\Q,
To find the effective properties of this electret material, we first need to consider the electrostatic problems, and solve
the unit cell problem (56) for &’ € Py induced by the external polarization ps:

div[—(€mxm + €pxp) VE' + Psxp] =0, (111)
and the unit cell problem (31); for & e Pz associated with the average electric field e € R3:
div[—(émxm + €pXp) V&s] = 0. (112)

Then we solve the elastic unit cell problem (68); for microscopic periodic strain Vu;:

div(C4Vu) + @) =0, (113)
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where Cy = CpXp + Cmxm, 244 = €4T, €4 = €mXm + €pXp, and
0@ =¢;T(VE @ VE). (114)

Physically, 0(® can be interpreted as an eigenstress induced by electric fields in the context of Eshelby’s inclusions prob-
lem (Eshelby, 1957).
According to the definition (69), the effective piezoelectricity tensor is given by

Beffe — ][ [CsVU) + 0. (115)
Y

The boundary value problems (111)-(113) are all linear and can be conveniently solved by a numerical approach. In particu-
lar, if there is neither elastic contrast (i.e., Cp = Cpy) nor dielectric contrast (i.e., €p = €n), we immediately see that Beff =0
as mentioned in Remark 6. Closed-form expressions for Beff seem to be elusive if both elastic and dielectric contrasts exist,
except for simple laminates discussed in the last section. However, if one of the contrasts vanishes, we can find closed-form
formulae of Beff for some special microstructures and some interesting exact relations between the effective tensors Beff,
Aeff’ (Ceff and eeff_

6.3.1. No elastic contrast
If there is no elastic contrast, i.e., Cp = Cpy, from (115) we see that

Befla — ][ya<e> - fyzA#(vg' ® V&), (116)

and hence it is unnecessary to solve the elastic unit cell problem (113). Moreover, comparing (111) and (112), we find that
the two solutions are related by

-VE& =V —e& ifps= (e, —€m)e. (117)
By (43), since C®f = C;y = C) the effective electrostrictive tensor A satisfies that
AT (& 0 &) = ][ AsVEs ® Vs, (118)
Y
Setting € = ps/ps (ps = |Ps|) and comparing (116) and (118), by (117) we see the solution to (116) satisfies

R =
v P vesd

Therefore, by (116) we obtain the following exact relation between Bef, Aeff and e*f when & = ps/ps:

_ 2 _
e = P f 4((VE+8) 8 Ve
P e (119)
- ep—iem[ZAe (exe) - T(e®efe)].
Further, taking trace of (116) we obtain
Tr(B8) = —][ VE . €,VE =0 VéecR> (120)
Y

We emphasize that the exact relations (119) and (120) are valid for any microstructure.

6.3.2. No dielectric contrast
If there is no dielectric contrast, i.e,, €, = €m, we see that a solution to the unit cell problem (112) for a constant vector
€ € R3 is given by

—Vgé =e in Y,
and that a solution to (111) is given by

1
&= ?Ps'vu,
m

where u is a Y-periodic potential that satisfies
Au:(1—91)xp—01)(m in Y,

and 6 is the volume fraction of the inclusion phase. Therefore, the gradient satisfies

v§/|395

1
—Qps, (121)
€m

1 1
V&g = —Q'Pps= —[QPps — (n-p)n],
m m
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where Q:=VVu is the second gradient of the potential u, Q~ = Q|39; (resp. Qt = leg) represents the interior (resp.
exterior) boundary value, n is the outward unit normal on 9$2,, and the last equality in (121) follows from [[Q]]|391J =
-nQ®n

Next, we consider the elastic unit-cell problem (113). It is clear that

][ o© = ][ 204(VE ® VE) = emT[—][ VE ® é] o, (122)
Y Y Y
and that both £’ and &; are harmonic except at the interface 92, i.e., Sﬁ/j]. =0and (&) j;=0in R3\ d$2p. Therefore,

G,ﬁ =em[&};(5e) j+E(Ee)ij— El k— & )] =0  in Y\3Q, (123)

In other words, dive(® = 0 if restricted to the interior or the exterior of the domain Q. Therefore, the eigenstress ¢(®) is
equivalent to an interfacial traction given by
n.
092,

We now calculate the interfacial traction t(*). Restricted to the interior of €2,, we have

=-T[@rse]

Moreover, restricted to the exterior of €2, we find that (cf,, (121))

. —T[(Qﬁ’s) ®é] = —T[(Q*ps) ®e—(n- ps)n®é].

p

_ o’(e)

) = [[ar<e>]]n‘ iy e
9%, 9%

o’(e)

a©

Therefore, the interfacial traction is given by

t9 = [¢“]n
a

=T[(n-ps)n®é]n= (e®ps)n=o0'n, (124)
2

where o* = e ® ps. From (123) and (124), we see that the elastic unit-cell problem (113) is equivalent to
div(Cy V) + 0®) = div(C4 V) — 7 x,) = 0. (125)

Upon solving the above equation with periodic boundary conditions, we can define a linear mapping D : R3*3 — R3*3 such
that

1
Do* = —— Vu,. 12
o 1_91][% u) (126)
Then from the definition (69) we find that
Be = f [CuVu, +0@] = [ {CaVt; + (€, Ca) Vi ]}
Y Y

(127)
— (Cp—Cm) fy(vw])xp —0,(1-6,)(Cp — C)Do",

where Cp, (resp. Cp) is the stiffness tensor of the matrix (resp. inclusion), the second equality follows from (122), and the
last equality follows from (126).

Finding the tensor D defined in (126) in general requires solving the periodic inhomogeneous Eshelby inclusion problem
(125). There are two scenarios that are of particular interest.

1. If 0* e R3;3 and there is an average symmetric strain H e R3;3 such that (Cp — Cp)H = —¢*, then (125) is equivalent
to

div[Cy (Vuy + H) | = div[Cs V| + x,(Cp — Cn)H) | = 0.
From the definition of the effective stiffness tensor (30),, we have
CeH =][ Cy(Vu, +H) :][ Xp(Cp — Cp) VU, + CH
Y Y -
=60;(1- 91)(Cp — Cp)Do* + CH.
Therefore, by (127) we find that

Beffe =0, (1 - 6,)(Cp — Cp)Do* = (CF — C)H
= —(CM—~ C)(Cp — Cp) o™

In other words, if € = ps/ps, the effective piezoelectric response is directly related with the effective elasticity tensor as
Beffe = —ps(CT — C)(Cp — Cm) ' (€@ 8). (128)
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The above closed-form formula relating the effective piezoelectricity tensor and effective elasticity tensor can be regarded
as an exact relation which is quite extraordinary (cf.Milton, 2002). We refer the reader to the following references and
citations therein for a discussion on exact relations in the context of conventional piezoelectricity: (Benveniste, 1994;
Benveniste and Milton, 2004).

In the case that the microstructure is a simple laminate along é-direction, we can explicitly find C*, and hence the
effective piezoelectricity tensor as (i1, Aq, 01 (resp. [y, Ay, 65) are the Lamé constants and volume fraction of the
particle (resp. matrix phase))

—Ds0162[2(11 — pu2)er @ e + (A — A]
01Q2u2 +A2) + 02211 + A1) ’

which agrees with our earlier result (108).

2. In the dilute limit, we assume the domain €2 is of the shape of an ellipsoid and the unit cell problem is well ap-
proximated by the model of a single inclusion embedded in an infinite matrix. As is well-known in elasticity, the in-
homogeneous problem (125) admits a closed form solution, namely, the Eshelby-Walpole’s solution. For the coordinate
system aligned with the principle axes of the ellipsoid, the D-tensor is explicitly given by Eshelby (1957), Walpole (1991),
Liu et al. (2006):

Beffé —

D=(S"+Cp—Cm) . (129)

| det(A)Ny (12) kik;
Spiqj = E /;2 |Af(|3 dl(,

where S is the unit sphere in R3, Ny, (K) is the inverse matrix of the matrix (cm),,,-q,-lz,-/}j, ie., Npr(lA()erqlec,»I?j = 8pq, and
A =diaglay, ay, as] (a1, ay, as is the half axis-lengths of the ellipsoid €2p). From (129) we can immediately obtain the
effective piezoelectricity tensor by (127).

7. Summary of the key observations and insights

We have presented a careful study of the effective electroelastic properties of electret materials—-materials that have
embedded immobile external charges and/or dipoles. We briefly summarize our results below:

1. Electret materials exhibit a measurable piezoelectric response as has been demonstrated by several experimental works.
We have highlighted that only part of that response reflects a true “effective piezoelectric” property and should be
distinguished from a separate contribution, termed “apparent” piezoelectricity that depends on the structural boundary
conditions and is not a true thermodynamically defined bulk property. We provide general relations for both the effective
and apparent piezoelectric response of electrets which can now serve as the basis for future numerical calculations and
approximate analytical solutions for specific microstructures.

2. We establish rigorous variational bounds for electret materials that can serve as important benchmark for future numer-
ical computations.

3. For the case of laminate microstructure, we obtain explicit closed-form expressions for the effective electromechanical
properties of electrets.

4. We find that, for an “effective” piezoelectric response, heterogeneity in either the elastic or dielectric properties is nec-
essary. This is not the case for the contribution of the “apparent” piezoelectricity.

5. Very few results exist in the theory of composites that are considered exact i.e. microstructure-independent. We find
some remarkable (and unexpected) exact results in the theory of effective properties of electrets if either the elastic or
dielectric contrast vanish.

6. Although the coupled problem we have considered is nonlinear, we have worked within the small-deformation theory.
Consideration of large deformation is a rather challenging endeavor—at least analytically—and should be an interesting
future research avenue.
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