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Chapter 1
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In this chapter we present a nonlinear continuum theory of flexoelectric-
ity. Due to the scaling of strain gradients with structural feature size,
flexoelectricity is expected to show a strong size dependency in elec-
tromechanical coupling. Aside from several illustrative and pedagogical
boundary value problems, we present examples that highlight the appli-
cations of flexoelectricity e.g. creation of piezoelectric materials without
using piezoelectric materials, energy harvesting, soft active materials and
biological membranes.

1. Introduction

Recently, a somewhat understudied electromechanical coupling, flexoelec-
tricity, has attracted a fair amount of attention from both fundamental and

applications points of view leading to intensive experimental’ ® and theo-
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retica activity in this topic. To understand flexoelectricity better, it
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is best first to allude to the central mathematical relation that describes
piezoelectricity:

Pi ~ dijkfjk (1)

In equation (1), the polarization vector P; is related to the second order
strain tensor €;; through the third order piezoelectric material property
tensor d;j;. Tensor transformation properties require that under inversion-
center symmetry, all odd-order tensors vanish. Thus, most common crys-
talline materials, e.g. Silicon, and NaCl are not piezoelectric whereas ZnO
and GaAs are. Physically, however, it is possible to visualize how a non-
uniform strain or the presence of strain gradients may potentially break
the inversion symmetry and induce polarization even in centrosymmetric
crystals.?3 27 This is tantamount to extending relation (1) to include strain
gradients:

dE'k
Py ~ dijre i + fijleél (2)

where f;;; are the components of the so-called flexoelectric tensor. While
the piezoelectric property is non-zero only for selected materials, the strain
gradient-polarization coupling (i.e. flexoelectricity tensor) is in principle
non-zero for all (insulating) materials. This implies that under a non-
uniform strain, all dielectric materials are capable of producing a polariza-
tion.?® The flexoelectric mechanism is well-illustrated by the non-uniform
straining of a graphene nanoribbon—a manifestly non-piezoelectric mate-
rial (Fig.1(a)).?229 As another widely studied two dimensional soft mate-
rials, biological membranes also show flexoelectricity (Fig.1(b)).3% 32 Flex-
oelectricity has been experimentally confirmed in several crystalline ma-
terials such as NaCl, ferroelectrics like Barium Titanate among others.®?
Recent works, some of which are summarized elsewhere in this book, have
provided important insights into the atomistic origins of flexoelectricity in
crystalline solids.'?3339 The mechanisms of flexoelectricity in polymers

40-42 3nd atomistic mod-

(while experimentally proven) still remain unclear
eling (being conducted by the authors) is expected to shed light on this
issue in the near future. We speculate that the presence of frozen dipoles
and their thermal fluctuations is the cause of flexoelectricity in soft mate-
rials, however, we cannot offer a more definitive explanation at this point
and simply emphasize that this phenomenon has been experimentally con-

d40742

firme and further elucidation is a subject of future research.
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(a) (b)

Fig. 1. Flexoelectricity in membranes. (a) Bending of graphene: upon bending, the
symmetry of the electron distribution at each atomic site is broken, which leads to
the polarization normal to the graphene ribbon; An infinite graphene sheet is semi-
metallic however finite graphene nanoribbons can be dielectric depending upon surface
termination. (b) Bending of a lipid bilayer membrane: Due to bending, both the charge
and dipole densities in the upper and lower layers become asymmetric. This asymmetry
causes the normal polarization in the bilayer membrane. Reprinted with permission from
ELSEVIER.*? Copyright 2014.

Flexoelectricity results in the size-dependency of electromechanical cou-
pling and researchers (including us) have advocated several tantalizing ap-
plications that can result through its exploitation. For example, the no-
tion of creating piezoelectric materials without using piezoelectric materi-

9,17,18,29

als, giant piezoelectricity in inhomogeneously deformed nanostruc-

13,15 enhanced energy harvesting,'#'® the origins of nanoindentation

tures,
size effects,?® renormalized ferroelectric properties,®10:11:44 the origins of
the dead-layer effect in nano capacitors*® among others. In fact, Chan-
dratre and Sharma?® have recently shown that graphene can be coaxed
to behave like a piezoelectric material merely by creating holes of certain
symmetry. The artificial piezoelectricity thus produced was found to be
almost as strong as that of well-known piezoelectric substances such as
quartz. Such a constructed graphene nano ribbon may be considered to
be the thinnest known piezoelectric material. We briefly elaborate on this
notion (Fig. 2). Consider a material consisting of two or more different
non-piezoelectric dielectrics—as a concrete example that has been studied
in the past we may think of a (dielectric) graphene nano ribbon impreg-
nated with holes (Fig.2(a)).2° Upon the application of uniform stress, dif-
ferences in material properties at the interfaces of the materials will result
in the presence of strain gradients. Those gradients will induce polariza-
tion due to the flexoelectric effect. As long as certain symmetry rules are
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followed, the net average polarization will be nonzero. Thus, the artificially
structured material will exhibit an electrical response under uniform stress
behaving therefore like a piezoelectric material. The length scales must be
“small”since this concept requires very large strain gradients and those for
a given strain are generated easily only at the nanoscale. Here we mention
that the precise scale at which this effect becomes prominent depends on
the strength of the flexoelectric coefficients. For several materials studied,
sub-10 nm characteristic length scales are required albeit (as this study
will also show) this effect can also manifest with feature size of less than a
micron. Regarding symmetry: Topologies of only certain symmetries can
realize the aforementioned concept. For example, circular holes distributed
in a material will not yield apparently piezoelectric behavior even though
the flexoelectric effect will cause local polarization fields. Due to circular
symmetry, the overall average polarization is zero. A similar material but
containing triangular shaped holes (or inclusions) for example, and aligned
in the same direction, will exhibit the required apparent piezoelectricity. In
a similar vein, a finite bilayer or multilayer configuration may also be used

(Fig.2(b))-see discussions in.!®
Z f-“: ' A
(a) (b) (c)

Fig. 2. Creating a piezoelectric material without using piezoelectric materials. (a) A
material with a second phase, under a uniform stress, will produce local strain gradients
and hence local polarization due to flexoelectricity. If the shape of the second phase is
non-centrosymmetrical, the average polarization will be non-zero as well thus, from a
macroscopic viewpoint, exhibiting a piezoelectric like effect. In this figure, this concept
is illustrated by riddling a sheet with triangular holes. Such a sheet, with circular holes
will yield a net zero average polarization. (b) The concept may also be realized by
using a superlattice of differing materials. However, here care must be taken. A bilayer
superlattice will result in a zero average polarization and (c) a trilayer superlattice is
required to break the requisite symmetry. Nevertheless, finite bilayers (due to symmetry
breaking at the free surfaces) will produce this effect. Reprinted with permission from
ELSEVIER.*3 Copyright 2014.
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In this chapter we present a nonlinear continuum framework for flex-
oelectricity. It is worthwhile to mention that in finite dielectrics, because
of the breaking of symmetry at the surfaces and interfaces, the so-called
surface flexoelectric and piezoelectric effects may also play an important
role.2446-4% However, in our current framework, we have just considered
bulk flexoelectricity and ignored surface effects. In addition to the discus-
244648 4 recent work by one of us has also
highlighted some aspects of this surface behavior.* Through the solution
to various illustrative boundary value problems, we highlight the notable
features and the applications of the presented framework. In Section 2, the
governing equations and the associated boundary conditions are derived. In
Section 3, we illustrate the notion of creating piezoelectric materials with-
out using piezoelectric materials by solving the boundary value problem
of a thin film layered superlattice structure. In Section 4, we present the
solution of a truncated cone under uniaxial compression. This solution is

sions by Tagantsev and others,

useful in the experimental extraction of flexoelectric properties. In Section
5, we consider the bending and dynamical vibration of a beam and impli-
cations for energy harvesting are explored. In Section 6, we analyze the
flexoelectric response of a biological membrane and finally, in Section 7, we
consider nonlinear effects in the context of flexoelectricity in soft materials.

2. Continuum Theory of Flexoelectricity

2.1. Continuum kinematics

Consider a deformable continuum body as shown in Fig. 3. Let the three-
dimensional region occupied by the undeformed body be denoted g, with
the boundary 0Qg. The position of a material point A in Qg can be de-
scribed by the coordinate system X (K = 1,2,3). After deformation
X, the material point A(X ) moves to the new position a(xy), where
(k =1,2,3) denotes a new coordinate system associated with the deformed
body that occupies the region 2. These two coordinate systems need not
be identical. In traditional continuum mechanics, we call X the mate-
rial or Lagrangian coordinates and x; the spatial or Eulerian coordinates.
Three base vectors for material coordinate system and the spatial coordi-
nate system are respectively denoted by I and i;.The deformation x may
be understood as a mapping from the material coordinates to the spatial
coordinates, x = x(X). We will also refer to the undeformed body as the
reference configuration and the deformed body as the current configura-
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tion. In this chapter, all the quantities in the reference configuration are
denoted by capital letters and the lower-case letters are used to describe
those quantities in the current configuration.

Based on the above setup, the deformation gradient Frx = zpx =
Oxy,/0Xk is introduced here. In the rest of this chapter, for the convenience
of presentation, we use “, K” and “, k” to represent the partial derivatives
with respect to the coordinates X and xj, respectively. Unless specified
otherwise, the Einstein summation convention is applied throughout the
chapter. The determinant of the deformation gradient is the so-called Ja-
cobian which is denoted by J = det(xy k). This scalar field describes the
change of a infinitesimal volume dV after deformation through the rela-
tionship dv = JdV. Thus the mass density field po(X ) of the undeformed
body is related to its counterpart p(zx(Xg)) in the deformed body by
po(Xk) = Jp(Xk) due to the assumption of local mass conservation. A
similar relationship also holds between the charge density field p§(X ) and

P (zk(XK)), p6(XK) = Jp°(Xk).

Fig. 3. (a) Reference and (b) current configurations.

2.2. Maxwell’s equations

To account for energies associated with electric fields and loading devices,
we shall first solve for the electric field via the Maxwell equations, i.e., the
electric field ey = —¢, in the current configuration is determined by

di.k = €0€k,k + Pk + Di e = P° (3)

where ¢ is the electrostatic potential, dr = eper + pr + pf, is the electric
displacement field, €y is the permittivity of free space, py is the intrinsic
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polarization, pf is the external polarization and p° is the external charge
density. By external we refer to polarization or charge density that does not
change during the deformation or electrical stimulus process. In standard
electrostatics textbooks, in the context of charge, this would be identical
to the so-called free-charge.

Before proceeding further, it is worthwhile to examine our use of the
notion of a polarization density field. While this is fairly standard in clas-
sical continuum mechanics (as evident in most field theory papers cited in
this chapter), recent developments in the physics literature, in the context
of periodic solids, have brought to light the fact that the polarization den-
sity field depends on the choice of the unit cell. The reader is referred to
the paper by Resta and Vanderbilt®°
discussion on this matter and how the concept of the so-called Berry phase
has been used to resolve this controversy. Notwithstanding this and other
related works, we wish to point out a very important observation made
by Marshall and Dayal:®' If we start with a finite periodic solid and then
examine its limit (to an infinite size) correctly accounting for surface and
bulk bound charges, the physically relevant quantities (such as the energies
and forces) are uniquely determined—independent of the choice of the unit
cell used to compute the polarization field density. A different choice of the
unit cell will lead to a different polarization density field. However, cor-
responding to this change in the bulk bound charges, the surface charges
will change accordingly to yield exactly the same electric field and energy.
Marshall and Dayal®! draw an analogy analogy of this situation to the def-
inition of the strain field. Calculation of the strain field depends on the
choice of the reference configuration. Nevertheless, as long as the calcula-
tions are then carried out consistently, the physically relevant quantities,
such as the change in the elastic energy, are uniquely determined.

It is known that the electric field e, polarization py, and even charge
density p® can experience a change due to the deformation of the dielectric
material. This renders the variational calculations of the field equations
a bit tedious. To facilitate such calculations, it is beneficial to pull back
all field quantities to the reference configuration (prior to deformation).

and references therein for a detailed

Particularly in the case of polarization and other electrical quantities, this is
a mathematical artifact but a useful one—-and a standard one in continuum
mechanics of electromechanical deformable media. The quantities after the
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pull-back are given by:

Ex =eprr i, Prx=Jprork,
Dy = JXgrdy, Py = Jpjork,

oo = Jp° (4)

where ay = i I is called the shifter which may be viewed as the rotation
from the coordinate frame Ix to ig.

Upon a change of variables, in the reference configuration, we can
rewrite the Maxwell equations (3) as

Dk x = (e0J Xk, Xk Er + Xicpour Pr + Xk port Pi) k = p5 (D)

where D = JXK,kdk = EoJXKJCXL’kEL +XK’kOékL(PL —l—Pf) is the nom-
inal electric displacement which corresponds to the electric displacement if
there is only electric field but no deformation applied to the dielectric body.
The identity®® (JXf k) x = 0 is used to obtain the last equality of (5).

2.3. Free energy of an electromechanical system

To model flexoelectricity, we postulate that the internal/stored energy of
the system is given by

Ulrk, Px| = . Y(Frre, Grerers Pre, kcr) (6)
R

where Giir, = ok, k1 and Ilx, = Pk 1, correspond to the gradient of defor-
mation gradient Fjx and the nominal polarization Py, respectively. Note
that if we remove the dependency of the internal energy on the terms Gyxx
and Il g, our formulation will reduce to classical elasticity of soft dielectric
materials.®2%3 As will be shown later in this section, the dependence of the
internal energy on Grixr = xk, k1 and Ilgx; = Pk 1, leads to high order
flux terms that enter both the Euler-Lagrange equations and the boundary
conditions.

The boundary conditions also contribute to the free energy of the de-
formable dielectric system. Fig.4 depicts the schematic of the problem
where the (generally possible) electrical and mechanical boundary condi-
tions are indicated. For this system, we identify the total free energy of the

system as?

F[{Ek, PK] = U[xk, PK] + Eeled[xk, PK] + PmeCh[wk] (7)
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[y:D-N=0
~.

[p: ¢y
T

Fig. 4. A deformable dielectric system with electrical and mechanical boundary condi-
tions (N denotes the normal vector of OV}).

where
geleet [z, Py] = io/ erendv + ¢ Nk DrdA (8)
Q+Vx I'p

is the total electric energy associated with the electric field and the bound-
ary electric device, V* is the space outside the body €2, I'p is the Dirichlet
boundary where the potential is set to ¢y, ng is the normal vector of I'p,
and

PmeCh[.Z’k] — _/S thrrakpdA — . BfrrakrpdV (9)
N R

is the potential energy of mechanical loading with t% being the surface
traction applied on Sy and Bj, being the applied body force.

It is also worthwhile to mention that, for given polarization pg, we
can solve the Maxwell equation (3) with boundary conditions for a unique
electric field ey, and hence the electric energy (8) is well defined.

2.4. Governing equations

By the principle of minimum free energy, the equilibrium state of the system
is determined by

in  Flzy, P 10
(o BB o Flew, Pl (10)
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with the constraint of Maxwell equation (3) or (5), where S is a suitable
space for the state variables such that sufficient smoothness and bounded-
ness is ensured.

To find the Euler-Lagrange equations associated with a minimizer (10),
we consider variations of

(1) polarization

T — Tk, Pg — Pk +0Qk (11)
(2) deformation

T — T + Ouy, Pr — Pk (12)

where § is a small number which controls the magnitude of the variations,
Qx and wup are admissible variations of the field variables Px and xzy,
respectively.

We first consider the variation of polarization (11). Standard variational
calculations yield:

d
%F[%, Px + 0Qk]|s=0

d d
= %U[xk» Px + 0Qk]|s=0 + %Eelm[m, Pr + 6Qx]ls=0

=0 (13)
Physically, the variation of polarization P should result in the change
of pg, ek, dr, Fx, Dk, and ¢ because of the Maxwell equations and the

pull back relationships (3)-(5). This implies that the variation Qg results
in:

Pk — Pk + 6Pk + 0(9), ¢ — ¢+ 36+ 0(5),
er — e + déx + o(d), dy, — di, + ddy, + 0(9),
EK—>EK+5EK+O(5), DK—>DK+(5DK+O(5).

Furthermore, the following equations are valid for their leading order
terms pg, €k, di, Fx, Dk and ¢:
dy = €oér + Pr, dyee = 0,
pr=J "ok Qxk, Ex = éxzk K,
Dk = J Xk rdk, €k = Q-
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Using divergence theorem, we can rewrite the first term in the RHS of
(13) in the following form

o o
0Pk \Ollxy

iU[xk,PKHSQKHa:o:/Q [

e ) L]QxdV+ / Oy

QxNLdA
oo kL

(14)
where N, represents the normal vector of the boundary 0Qg.

The Dirichlet boundary I'p, where the electric potential is specified, is
the boundary for both (g and V3. By divergence theorem, the second
term in the RHS of (13), the variation of electric energy, can be written as

J ) N
= eelect Py + Q][50 = / (eoerér)dv + o Nr D dA
dd Q+Vx I'p

:/ (eoekék)var/ (pDx) xdV
Qv

QR+V§

:/ (Eoekék)dﬂ-i-/ ((bde),kdU
4V Qv

_ / (—exf)dv
Q+V%
:/(—ekﬁk)dv
Q
=/Q (=X pErogxQr)dV. (15)

Then the first Euler-Lagrange equation and the associated boundary
conditions can be obtained by substituting (14) and (15) into (13)

BaTzi - (agﬁL),L — X rErogg =0 in Qg 16)
Dg,ﬁL NL =0 on aQR

Now we consider the variation of deformation (12). The variational
calculations for this case lead to

d
— Flxy, + du, Pxl|s=0 =

d d
7 —Ulxy, + du, Prlls=0 + %eelm[xk + duy, Pk|s=0

dé

d
+%Pm“h[l’k + dug][s=0 = 0 (17)

Associated with the variation (12), there will also be changes for Fyr,
Grxr, J and FE%

Frr — Frx + 0k, Grrr — Grrr + 0Grkr,
J = J+06J+00), Fgl— Fgl+0F g+ 0(6).
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Their leading terms are given by

Frx = uk, GrKL = Uk,KL,
J = J Xk rur. K, F~lx = —Xp Xk u, L (18)

We note that the reference quantities Py, Fx, and Dg do not change
with the variation up. However, the current quantities pg, er and dj are
affected by the variation of uy because of the equations (4). For this reason,
it is simpler to use Px, Fx and Dy in the variational calculations.

Using the divergence theorem, we first rewrite the internal energy into
the following form

d _ N oy
%U[xk + duy, Px|s=0 = /QR Drnr  \Drnrr ),L] kurdV
oY o /
+ _ NrdA + NpdA(19
/aQR[axk,K (axk’KL),L]Uk K e, Bam ez ek N (19)

It is important to note that, in equation(19), the tangential component
of uy, i is independent of u; due to the constraint

VK,L((SKL — NLNK)dA =0
R
for any vector Vi on the closed boundary 0€Q2g, where di 1, = Ik - I is the
Kronecker delta which is nonzero only if K = L. The term Vi, L0k —
N1 Nk) may also be viewed as a surface divergence of an arbitrary vector
Vi on the boundary 0Qg.
The last integral on the rhs of (19) can be rewritten as:

0 0
/ [ L4 Np(6xr — NxkNp)ug 1 + 3 NpNgNyug, 1]1dV
Y

0n OTk KL Tk KL

= /39 {] % upNL(0xr — N Np)| 1 — | % Np(6xr — NxNp)) rug

0z K1 0z KL
0
+ ’(/} NLNKNI’U/]C)I}CZV
0Tk KL
where %ukNL(éKI — NgNjp) is a tangent vector on 9Qpr since
BrszL upNL(6xr — NxkN7)N; = 0. Thus the divergence of this tangen-

tial vector is equal to its surface divergence. In other word, the integral
faQR[%ukNL(éKI — NKN[)]J is zero.
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Let Vir = amkwKL Np(0xr — NgNp), then the equation (19) can be

expressed as the following form

oY oY

d
£ Prlls—o = [ — -
déU[xk+6uk, i) l5=0 /QR o axk,KL)’L]’Kude
o 8
n - Ni = Vir.s turdA
/aQR{[al’k,K (3Ik,KL)’L] K oI, I YU
o
+ NLNKN]udeA. (20)
o0n 0Tk KL

Similar treatment of the higher order boundary terms may be found in
Liu® and Yurkov.?®

To do the variational calculus for the electric energy £¢/¢*, by divergence
theorem, we first rewrite it in the following form:

66180t[1‘k, PK] = / %Oekekdv + Oy N Dy dA
Q+V=* T'p

= / (E—Oekek — ekdk)dv
Q+ve 2

page 13

€ _
= / [*OJXK,kXL,kEKEL — JXk 1 Ex(eoXp 1k Fr + J Yy Pr)dV
QptVy

€
= / [_EOJXK,ICXLJCEKEL - XK,;.;OtkLEKPL}dV
Qr+VE

Using the relations in (18), we obtain the following form for the variation
of electric field energy

d
%Seled [@k + dug, Prl|s=0

€
= / [—EOJXK,kU/c,K(XL,lXM,lELEM) + Xk uk, k(€0 X1 e X ELEn
Qr+Vy
+ X1 roum ELPar)|dV

€
= / [—EOJXK,kUk,K(XL,lXM,lELEM) +up, k Xp x ELDg]dV
Qr+V

€0
- | Xk (X XasaELEx) + X Bu D) cundV -+
Qr
€0
/ [—§JXK7]€(XL,1XM}1ELEM) +XL’]€ELDK]’U,]€NKdA
QR

€
—/ [—EOJXKJC(XL’[XM’ZELEM)+XL’]€ELEK]’Kude. (21)

R
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Let
Sy = *%OJXK,/C(XLJXMJELEM) + ErXp Dk (22)
which is related to the Maxwell stress expression defined in current config-
uration®2:53
oV = erd; — %eiei(skl (23)
by

MW MW
Yk = J XK1k

Subsequently, we refer to Z{CVIKW as the Piola-Maxwell stress.
Note that the polarization Py vanishes in vacuum. Thus the two
Maxwell stresses reduce to

- €
SR = _EOJXK,k(XL,lXM,lELEM) + Er X kEx

and
MW €0
Ok = epe — 5eiei§m

in the surrounding vacuum.
By substituting (20), (21), and (22) into (17), we have the second Euler-
Lagrange equation and the associated boundary conditions

[af;{’K —(8$2%KL)7L+22/IKW],K—|—B;{&K]€:O in Qp

S =0 in Vx (24)
[af,fK - (awzfp“ )L+ SNk = Vir 1 + thokr on Qg
%NKNL =0 on J)p

In summary, in equilibrium, the electroelastic system should satisfy the
following governing equations

68% - (agﬁL),L — XpkFroagx =0 in Qg
[af,f}( - (az(szKL),L+E,1€‘§<W],K+B§<aKk =0 in Qg (25)
i%(WK =0 in Vx
Dk = pj in Qr
and the boundary conditions
GS%NL =0 on INg
[8:?;{};( - (aIZT/}KL )L+ MY Nk = Vir,r + t5cakr on g (26)
% NN =0 on 0Qg

Ok KL
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2.5. Internal energy density

To model flexoelectricity, we consider the coupling between strain gradient
and polarization as well as the coupling between polarization gradient and
strain in the definition of the internal energy density.

The internal energy density ¢ (zx, x, Gk kL, Pr, Ik 1) must be invariant
under rigid translations and rotations. By Cauchy’s theorem, the depen-
dency of ¢ on zj i should be replaced by the dependency on Cgk =
Tk, KTk, - 1t is also convenient to use the following strain tensor

1
Skr = i(CKL — kL)
instead of Ck . Thus afsz is always written as 82%90;@, 1, using the chain

rule.

We will reconsider nonlinearities in Section 7 when we address soft ma-
terials. Until Section 7, we assume small strains, keep only the leading order
terms in the internal energy density and ignore the difference between the
reference and the current configurations. In that case, the internal energy
is given by

1 1 1
P(Skis Gryims Py i) = iaklpkpl + ibklmnnklnmn + icklmnsklsmn

1
+§dijklanijkGlmn + ertmnSkilmn
+ frtmn PreGimn + Gktm Pellim + Rt PeSim (27)

where the second order tensor ag; is the reciprocal dielectric susceptibil-
ity, the fourth order tensor by, is the polarization gradient-polarization
gradient coupling tensor and cgipmy, is the elastic tensor, the sixth order ten-
sor d;jkimn strain gradient-strain gradient coupling tensor, the fourth order
tensor exymn corresponds to polarization gradient and strain coupling intro-
duced by Mindlin,?® whereas fimy, is the fourth order flexoelectric tensor,
hiim and grpm, are the third order piezoelectric tensor and the polarization-
polarization gradient coupling tensor, respectively.

3. Piezoelectric Thin Film Super Lattices Without Using
Piezoelectric Materials

Consider a composite consisting of two or more different nonpiezoelectric di-
electric materials. Even under the application of uniform stress, differences
in material properties will result in the presence of strain gradients around
the interfaces. Those strain gradients will induce polarization due to the
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flexoelectric effect. For “properly designed”composites,'® the net average
polarization will be nonzero. Thus, the nanostructure will exhibit an overall
electromechanical coupling under uniform stress behaving like a piezoelec-
tric material. The individual constituents must be at the nanoscale since
this concept requires very large strain gradients and those are generated
easily only at the nanoscale.

Within the assumption of the linearized theory for centrosymmetric
dielectrics, the internal energy density 1 can be assumed to be quadratic
function of terms involving small strain .S;;, polarization F;, polarization
gradient P; ;, and strain gradient u; ;.

1 1 1
Y(eij, Py, Pij, ui i) = §aklPkPl + ibijklpi,jpk,l + icijklsijsklv

+ diji P Skt + fijriPij ki, (28)

Usually we must consider another term %gijkl"mui,jkul,m" in the inter-
nal energy form (28) to ensure the thermodynamic stability of the sys-
tem.'®19:27 This extra term represents purely nonlocal elastic effects and
corresponds to the so-called strain gradient elasticity theories (see also Mao
and Purohit®”). However, the contribution of this term is small for the
current problem.'® There is no qualitative change to the effective piezo-
electricity with the consideration of this term and the system studied here
does not lose its stability when we exclude it.'®1?

For a thin film structure the fields vary only in the thickness direction.
Let 1 be the thickness direction. After substituting (28) in the governing
equation (25); 24, we obtain the following 1D governing equations for a
single layer structure:

2 2
2%+ (d- HTE =0,

(d— )5 +b5E —aP — 5% =0, (29)

am% Oxq

Under open-circuit conditions, the electric displacement is zero

o¢
—60371‘1 + P = O.

We arrive at the following equations
0?’P P B

bec — (d — f)? 0°P _
(C )8m%—(a+601)P:0:>8x% 2 0, (30)
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where
12— [bc — (d = f)*]eo
cn
Solving equation (30) for polarization, we obtain:

and n = (1 + aep).

P =Aje ™/ 4 Age™t /!, (31)
The displacement field is

u = A3 —+ A4.’IZ1 - e_wl/l(Al + AQ@QII/Z). (32)

d—f
c
Ap,As,A3, and Ay are the constants of integration which may be determined
by the boundary conditions. Since the coefficients d and f appear together,

for conciseness, we write h instead of (d — f).

\ayer A

Fig. 5. A bilayer film composed of two different dielectric materials.

For the bilayer film shown in Fig. 5, its polarization and displacement
fields for each layer are given by

P = Apexp(—T1) + Ap exp(T), (33)
u; = Aig + Aiszy — 2 exp(— %) [Ag + A exp(3)].

where ¢ = 1,2 correspond to “layer 1”and “layer 2”shown in Fig. 5. The 8
constants of integration are determined by the following boundary condi-
tions:
(1) Applied stress boundary conditions
(Ciawlui + hlazlPZ) = 0.
(2) Continuity of stress at the interface
[[0]] = (0(1)|$1—>0 - 0(2)|9€1—>0) = 0.

This condition is redundant, since in this case, the previous two (applied
stress) conditions trivially ensure this continuity.
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(3) Displacements at the interface are zero

Uilay—0 = 0.

(4) Electric tensor (conjugate to the polarization gradient) A;; = 92— is
set to zero at the free boundaries

ALY = (diBy i + 002, P) oy 00, = 0.

(5) The electric tensor is specified to be continuous (but not necessarily
zero) at the interface

1 2
[Aiiller 0 = (A |0 = A lr50) = 0.
(6) Polarization (P) is specified to be continuous at the interface
[P]lz,—»0 = (Pilz,»0 — P2lay—0) = 0.

Unlike classical theory of piezoelectricity, an additional boundary con-
dition is required at the interface on the polarization field in order to
avoid the singularities of polarization gradient field.

Finally, the following results are obtained:

A1+ By
J o
1 Cl )
p, = A2t B2 (34)
Cy

where

T1 — wy
A1 = oepcosh(

)[—1+ cosh(%)]qhﬂmh
1 2

B, = UEQCth{[COSh(%) — cosh(
1 1

r1 — wp

)] Osh( )11771 +
sinh(x
Iy
C1 = ci1ealim [cosh(

)Smh( l 2Vlams},

)smh( Yiim +cosh( I )smh( A 2)lama),

l2
T+ wo

I
-1+ COSh(K)]CthlQUQ,

A = gegcosh(
2

By = aeocﬂm{[cosh(%) — cosh(x1 + )] osh( )12772
2 2
sinh(? )smh( )l1771}
2

Cy = Clcglg’l’]g[COSh( L )smh( L Yiym + cosh( M )smh( L 2)lama).
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Fig. 6. Polarization distribution in each layer of a MgO-BaTiOs3 finite bilayer. To-
tal average polarization in the bilayer is 23% of piezoelectric BaTiOs. Reprinted with
permission from ATP Publishing LL.C.'® Copyright 2010.

Numerical results for BaTiO3-MgO bilayer are shown in Fig. 6. The cal-
culated polarization is divided by the applied stress o and then normalized
by the piezoelectricity ps3 of BaTiO3 which is equal to 7.8 x 10~ '*C/N. For
these results, we assume both layers, layer-2(MgO) and Layer-1(BaTiOs3)
to be 10nm thick subject to a unit applied stress.

The material constants used in the above calculation are listed in the
following table:

Table 1. Material properties for BaTiO3 and
MgO.

BaTiOs MgO

a11(Nm?2/C?)  2.824 x 107 1.298 x 100
b11(Nm?*/C?)  6.77x107%  5.67 x 1078
c11(N/m?) 1.62 x 101 3.00 x 1011
h11(Nm/C)  —1.55x 10>  1.29 x 102
1(A) 1.30 1.00
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To find the effective piezoelectricity of this bilayer structure, we first
calculate its average polarization P as follows:

P (/OM Prds; + /Ow Podn) = 22 (35)
where
A= 4asinh(%)sinh(%)eo(m — 12),
B = cosh(%)sinh(;u—lz)clhglml + cosh(;UTZ)sinh(;%)62hllg7727
C = ciea(wy + w2)mm [cosh(%)sinh(%)llm + cosh(%)sinh(%)lgm].

Then the effective piezoelectricity d®/f is defined as P/o. We note that
de?f directly depends on the difference between the dielectric constants of
the constituent materials. Larger dielectric contrast between the two layers
will lead to a larger apparent piezoelectric coefficient. As shown in Fig. 6,
the effective piezoelectricity for the present MgO-BaTiOg bilayer structure
is 23% of that of BaTiO3

4. Compression of a Truncated Cone, Effective Piezoelectric
Response and Determination of Material Properties

The solution for the compression response of a truncated cone is an impor-
tant case-study. Cross! profitably used this notion to show that such a geo-
metrically graded structure behaves like an apparent piezoelectric material
since even a uniform stress (e.g. compression) will result in an inhomoge-
neous strain and hence, due to flexoelectricity, produce a non-zero average
polarization. Conversely, the solution to this problem also allows a facile
way to experimentally estimate the flexoelectric properties of a material.
We remark here that the the expression used by Cross and co-workers (al-
though physically intuitive) is but a crude approximation which can lead
to rather large errors—recent computational work by Abdollahi et. al.?®
attests to this. An exact solution to this problem is not possible and in this
section we provide a perturbative calculation (which is an improvement)
over what has been used in the past.!

As shown in Fig. 7, when the force F' is applied to the top surface of
the truncated cone, due to flexoelectricity, a current will flow through the
circuit. Obviously, this is a 3D problem since the cross section changes
with the coordinate x;. However, the problem can be easily converted to
a 1D problem if we assume that (1) after deformation, the displacement
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u and polarization P are both in z; direction and (2) v and P only vary
with the coordinate x;. These two assumptions lead to the following con-
sequences: (1) S11 = du/dx is the only nonzero strain, (2) u 11 = d*u/dz?
is the only nonzero strain gradient, (3) Py = dP/dz; is the only nonzero
polarization gradient. In the current example, to emphasize flexoelectricity,
the contribution of polarization gradient to the internal energy is ignored.
We note that omitting the polarization gradient term does not alter the
governing equations (although the boundary conditions do change). In this
case, the high order electric boundary conditions are replaced by the high
order stress boundary conditions. We also assume that the deformation is
small so that there is no difference between the current and the reference
configurations—this is a reasonable assumption for hard crystalline materi-
als . The volume integration over the truncated cone, fQ dv, can be written

into an 1D integration from 0 to L, fOL A(x)dx, with A(z) being the area
of the cross section at z1 = x.

Fig. 7. A truncated cone under compression.

Based on the setup described above, the variations (14) and (15) become

d L
—U[x, Ps]ls=0 = / A(x)pp Prdx
s o

and

d elect _ o d¢
o [X,P5]|5:0—/0 A@)(52) Py
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Similarly, the variations (19) can be written into the following one di-
mensional form

2
Ulxs, Plls= 07/ {** }+672[A(x)8i1ﬁ1]}u1dx
HAG) afn}m ot + {A(2) 8? —%[A(w) ol Fl}aes,

)

Because of the small deformation assumption, the variation (21) becomes
zero so that the Maxwell stress vanishes. Then we have the Euler-Lagrange
equations for this truncated cone

P [A(r) 55 — = (A(@) o)) = 0
o0 | dé : (36)
op taw =0
and the associated boundary conditions
Bidil:O atr=0andz=1L
Alw) g5 — #[A(@) 2] = F atz =L (37)
u=0 at z = 0.
Here we use a reduced version of the internal energy density
1 du 1 d*u d?u
_ P2 a2 pP——
b= 5aP? 4 e+ so(g P+ P (39)

where the polarlzatlon gradient term is dropped. It is found that the gov-
erning equation remains unaltered without the consideration of this term
due to the fact that!'®

dP du d du p du

et @ pdty _ pd®
dz dx d:c( dx) dx?

and %(P %) can be converted to a boundary term by divergence theorem.
Substituting (38) into the governing equations (36) and the associated
boundary conditions (37), we obtain

—gA(z) 54 — gD L 4 cA(2) % — fA(x)E — fFEAEP=F  on (0,h),
aP + f&u 49— on (0, h),
%[A(x)(—%% +P) =0 on (0, ),
aZlﬁl - dz2 Ly fp at x = 0&h,
u(0) = 0,

$(0) — ¢(h) = 0.
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where A(x) = §(da— didl x)? denotes the cross section area at x. Note that
if the half cone angle € is very small, a(x) can be approximately expressed
as

A(x) = 10%22 + dfz + as (40)

where d = —wds and ay = %d%.

In the extreme case, when 6 is zero, the truncated cone becomes a finite
circular cylinder. Obviously, in that case, neglecting any edge effects, the
flexoelectric response vanishes. Let ug(z) and Py(z) denote the solution for
the cylinder problem. Then the solution for a truncated cone problem can
be written as

u(x) = ug(x) + Ouy () + O%ug(x) + ...
P(.’L‘) = PQ(Z‘) + 9P1(x) + 92P2(JJ) + ... (41)
p(x) = do(@) + 01 (x) + 0?2 () +

Substitutng (40) and (41) into the governing equations and considering
only zeroth order tens, we have the following equations for ug(x) and Py(z)

—gluo | cduo _ pdP  prg,on (0,h),

aPo—i-fd “°+d¢°—0 on (0, h),

—eplle 4 4 on (0, h), )
gdd“;’+fP0:0 at z = 0&h,

up(0) =0,

$0(0) — po(h) =0

Unsurprisingly the solution for the zeroth order equations (the case corre-
sponding to the cylinder) is
F
uo(x) = —u, and Py(x) = ¢o(z) =0
cao

The first order equations are:

gdjxg - dﬂ + fdP1 =dF/a3xz on (0,h),

aP1+fd L +d¢1 =0 on (0, h),

—€p d¢1 + 40— on (0, h), (43)
d;‘21+fp1—0 at © = 0&h,

u1(0) =0,

$1(0) — ¢1(h) =
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From (43)3, we have
L =p - = 44
. 1 (44)

where C is the constant of integration. Substituting the relationship (44)
into (43)2, we can express the polarization P; in terms of the displacement
U1 as

_ feo  d*uy n o
a4+ 1dx?2  ae+1°

A nonhomogeneous ODE for u;(z) is obtained from (43);

f260 d3u1 du1

_ _ e g aza,
(g aeg + 1) da3 ¢ dx [az7
The solution for this ODE is given by
dF
Uy = Aleiz/l + Age"”/l - 3 $2 + CQ (45)
2cas
where I? = (g — a]:i"l)/c depends on the material properties, Ay, As, Cq,
and Cy are constants to be determined by the following four boundary
conditions
c
(A1 + Az) = *c(afeoil) =m,
_ C1
(Ale Bl + A2eh/l) = _c(afeo+1) =m,

A1+ A+ Cy =0,
2(A1 — A2) + %01 = ¢k

Cll2

where the last equation originates from the short circuit condition ¢;(0) =
¢1(h). The solution for these four equations is given by

2h/1_,h/l
Al - meezhﬂil )
h/l_q
Ay m:zh/[_l) (46)
_ dFlh jralh 2f h
Cr = ca3 /[ f c(aeg+1) tanh 2l]’
02 = —m.

Finally, using the relationship between P; and wuq, the expression for P; can
be obtained as

f€0 1 —z/l CZF Cl

P = —(Are™ 4 Ay) — — : 47

! a60+1[l2( 1€ +42) cag]+aeo+1 (47)
As a simplification, if we set A; = Az = 0, then we have C; = 0 and

Oy = 4£L by (46). Tt is also found from equation (45) that u; becomes a

acaj

page 24
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quadratic function of x. This implies that the strain gradient d?u,/dx? is
a constant. Thus the solution for P; reduces to

f€0 JF Cl o JFf
acg+1ca?  aep+1  acal

and the overall polarization P takes the following form

dy—did? f F

dy d3"ach ay

P=Py+0P =2

where a; = %d% is the cross-sectional area of the top surface where the
external force F' is applied. Since the flexoelectric coefficient p = —g and
the applied surface traction t¢ = a£17 the polarization can be also written
as
dy —dy d3 . p
pP=2 — ) —t°.
( do dg) ch
Then the effective piezoelectric coefficient is given by
oP dy —dy d? p
deff — -9 hut I Wy 48
ote ( da dg)ch (48)

This result is similar to that obtained in Cross’s work! where an effective
piezoelectric coefficient

d3—di
dZ
defr = 1
H ch

is obtained for the truncated pyramid. Both cases show that d°/f is propor-
tional to the flexoelectric coefficient u and the reciprocals of elastic modulus
c and the dimension h. A more sophisticated perturbation approach may
be necessary to obtain an analytical result that matches the computational

corrections shown by Abdollahi et. al.®8

5. Flexoelectric Beam Bending, Vibration and Energy Har-
vesting

Bending a beam is perhaps the easiest way to induce strain gradients and
invoke a flexoelectric response. This is also a the model problem when
considering energy harvesting from mechanical vibrations. As shown in Fig.
8, in this section we consider a cantilever beam subjected to a distributed
load. B, h and L correspond to the width, hight and length of the beam,
respectively. ¢(z1) is the distributed loading applied to the beam.
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Fig. 8. A cantilever beam subjected to a distributed load.

To illustrate the central ideas of the flexoelectricity in this beam, we
use the Euler-Bernoulli model. The key conclusions that we are interested
in emphasizing in this work are unlikely to be affected by this assumption.
The displacement field in the Euler-Bernoulli model is:

&ggjl) L0, w(z1)}7, (49)
where w(z1) is the transverse displacement of the neutral surface at point

u={-x3

1. From this displacement field, the normal strain in x; direction is the
only non-zero strain component which is given by

0w
Si1 = —23—==- 20
11 T3 633% (50)
The non-zero strain gradient components are
Pw(xy) 0?w(zy)
S111=—T3——— S113=—"F775—. 51
11,1 r3 PrEE 11,3 a2 (51)

Since the thickness h of the beam is much smaller than its length L, it is
found that Si;,; is much smaller than Si; 3 for this Euler-Bernoulli beam
problem. Therefore the component S1;; is ignored in the present work.

Generally, the strain gradient S11 3 will induce the separation of positive
and negative charge centers. A schematic representation for the polariza-
tion induced by strain gradient is given in Fig. 9. The blue and red particles
represent the negative and positive charged material particles in a unit cell.
As can be seen from Fig. 9, after deformation, the induced polarization is
generated along the x3 direction. The polarization density field within the
cantilever beam has the following form:

P(xl,xg) = {O,O,P(l'l,l'g)}T. (52)
For this problem, the stored energy density v is given by

1 1 1
b= 5‘35%1 + 59551,3 + §aP2 + fS11,3P

1 1 1
= icxgw?ll + igw’z11 + §GP2 — fw1 P (53)
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Fig. 9. Polarization due to bending of a centrosymmetric beam. Reprinted with per-
mission from ELSEVIER.?® Copyright 2014.

where w,; and w,; denote the 1st and 2nd order derivatives of w with
respect to x1, respectively; ¢, g, a, and f are material properties mentioned
in section 2.

The so-called dynamic flexoelectric effect may strongly affect the elec-
tromechanical behavior of the sample at extremely high frequency vibra-
tions.?446:47 However, in our current example, we have ignored this effect
since the considered sample size is on the scale of microns and its natural
frequency is still very low compare to that of the lattice vibration at which
the dynamic flexoelectric effect is expected to play a role.

Once again, we stay within the linearized regime and ignore the distinc-
tion between current and reference configurations and the effect of Maxwell
stress. Both these effects are important for soft materials but not for hard
ones. Given these assumptions, the governing equations (25); 4 become

aP— fwi1+¢3=0

(54)
—€op33+P3=0

where ¢ 3 = —F is the derivative of potential ¢ with respect to z3. From

flexoelectricity

page 27
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(54), we further have

p=1 _1
{ LW11 a¢,37 (55)

—(e0+ £)p .33 = 0.

With the applied boundary conditions for electric potential ¢: ¢(x1,h/2) =
V and ¢(x1, —h/2) = 0, the leading order solutions of (55) are

\%4 Vv
PERm Ty (56)
and
/ 14
P== - —.
aw’u h (57)

Substituting (56) and (57) into (53) and integrating over the beam cross
section, the following 1D energy density 13 is obtained

1 AV?
vy = /Aq/;da = 5GEw?11 + — (58)

2ah?
where Gg = cl +gA— % and A denotes the cross-sectional area and I is
the moment of inertia.
Free-energy minimization leads to the following equation:
L L L
/ Oppdry = / Gpw 116w 11dr) = / q(x)dwdx,
0 0 0

Using the divergence theorem, we obtain the following governing equation
and boundary conditions:

4,
GE‘LI(?) = q(x1),

0
w(0) = 22O ¢ (59)
9?w(L) _ 8§w(L) -0
R T

If the distributed load is a constant qg, then the displacement w and polar-
ization P are given by

q qL q ,L?
w(zy) = 245E$% - 6215; m? - QG?E(7 - L)x%, (60)
fia o qL q L? |4
Play) =L 2 D02, D gy Y 1
(z1) G[QGExl G GE( 5 )l oh (61)

As shown in (61), because of flexoelectricity, both V' and ¢y contribute to
the polarization P. The former is due to the electric field while the latter
is the result of flexoelectricity.
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The example problem discussed in the preceding paragraphs shows that
the bending of a dielectric beam will induce the net polarization because
of flexoelectricity. One of the applications of this phenomena is energy
harvesting. A proposed flexoelectric energy harvester is shown in Fig. 10.
The cantilever beam is mounted to a base moving in x3 direction. The
transverse base displacement is denoted by wy(t). Due to the movement
of the base, the cantilever beam undergoes bending vibrations. Dynamic
strain gradient associated with vibration results in an alternating potential
difference across the electrodes. The electrodes are connected to a resistive
load (R) to quantify the electrical power output. Although the internal
resistance of the dielectric beam is not taken into account, it can easily be
considered as a resistor connected in parallel to the load resistance.

it
"B “R
__________ / L,
h Xy

Fig. 10. A centrosymmetric flexoelectric energy harvester under base excitation.
Reprinted with permission from ELSEVIER.?® Copyright 2014.

For this vibration problem, the kinetic energy, which results in the in-
ertial term in the governing equation, should be considered. In our recent
paper,®® from the following variational principle

t2 1 .. 1
d dt/ [§Pukuk — (¢ — §EO¢,k¢,k + Pp)]dV +
t1 1%

t2 2
/ dt / (qrour, + EXP)dV + / dt [ DépdA =0, (62)
tl 1% tl oV

along with the Euler-Bernoulli beam assumption (49), we obtained the
following equation

t? L t? L 92w
/ dt/ p At + 1) Swday +/ dt/ (@Y
t1 0 ty 0 Ox]
fA 0w B
o V(t))d( o2 )dx1 = 0. (63)
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The current 4(¢) flows through the resistor R must be equal to the time rate
of change of the average electric displacement D3 = % fv D3dV, resulting
the electric circuit equation with flexoelectric coupling

V@ 1d

40
W="% =ha ),

(—EOT + P)dV. (64)

The governing equation (63) and (64) for variables w(z) and V(t) are nu-

60,61

merically solved using the assumed-mode metho The following finite

series is used to represent the mechanical response of the beam:

N
w(wr,t) =Y ar(t)ér(z1)
k=1

where N is the number of modes used in the series discretization, & (z1)
are the kinematically admissible trial functions which satisfy the essential
boundary conditions, while ay(t) are unknown generalized coordinates.

Since the focus in energy harvesting is placed on the resonance behavior
(i.e. damping controlled region), it is necessary to account for structural
dissipation in the system. In this work, we resort to Rayleigh damping
which is proportional to the mass and the stiffness matrices. We introduce
the damping matrix D with

D=M+9K

where g and ~ are constants of proportionality which can be calculated

using two modal damping ratios, ¢; and (> through the following equation:52

m _ 2w [ o —wﬂ} {Cl}

M wi—wi [—ws wy G2

where w; and wy are the first two nature frequencies of the beam. In the
absence of other damping mechanisms, the damping ratio is related to the
material quality factor (Q = 1/2(¢).

Then the discrete Euler-Lagrange equations, duly considering Rayleigh
damping, are given by
V(t)

Mi(t) + Da+ Ka— OV (t) = f,0;V(t) + -t eTa(t)=0  (65)
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where
L
My = pA / ()& (21 ),

Ky = GE/ & ()& (w1)dy,
Dy = MMlcl‘f"YKkh

/ &y,

Ji = —in(t) /0 pA& (1) dar,

BL 1
7(60 + a)

Cy = A

We choose polyvinylidene difluoride (PVDF) as the model material sys-
tem which has the following properties: a = = 1.38 x 101°Nm?/C?,
f=—aply = =1T9Nm/C (u}y = 1.3 x 10~ 10C’/m is the ﬂexoelectrlc co-
efficient), ¢ = 3.7GPa, g = 5 x 107"N, and p = 1.78 x 103kg/m?>.
demonstrate the effect of scaling, here we explore the energy conversion

efficiency of this flexoelectric energy harvester. The conversion efficiency
is simply the ratio of the electrical power output to the mechanical power
input, i.e. the power due to the shear force exerted on the beam by the
base. The peak electrical power output is |V (t)|?/R. The shear force ex-

erted on the beam by the base is the shear force at z; = 0, which can be
d? w(O)

easily expressed by cl . Therefore the power due to the shear force

is the product of the shear force and the base velocity deb(t). Then the

mechanical-to-electric energy conversion efficiency is

V®)P/R
|Id3’w(0)| Ideb(t)|

We maintain the shape of the sample (in terms of the aspect ratio,
100:10:1) and vary the thickness of the beam from 3pm through 0.3um. As
shown in Fig. 11, for the 10 different sizes considered in this thickness range,
the energy conversion efficiency monotonously increase as the decrease of
the sample size. Specifically, the magnitude of the highest curve is about
two orders higher than that of the lowest one. Further enhancement in the
conversion efficiency can be expected as the beam thickness is reduced to
nanometer scale.
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Fig. 11. Resonant energy conversion efficiency for different beam thickness levels (aspect
ratio is the same: 100:10:1). Reprinted with permission from ELSEVIER.%? Copyright
2014.

6. Flexoelectric Membranes

It is anticipated that the coupling between elasticity and electricity in bio-
logical membranes is important for many biological functions such as: ion
transport,®® mechanotransduction in outer hair cells,%% %6 tether forma-
tion.57 It is also found that all the above mentioned biological phenomena
are closely related to the flexoelectricity of the biomembranes. From a
mechanistic viewpoint, we can rule out the piezoelectric effect in (most) bi-
ological membranes through symmetry arguments. Therefore, the leading
order coupling between strain and polarization has to be ‘flexoelectricity.
The flexoelectric theory of thin membranes has been developed in Mo-
hammadi et. al.,%® Qian et. al*® and several other formal considerations
are presented in Liu’s paper.’® In this formulation, we consider a thin
membrane occupying U x (—h/2,h/2) C R3, with U C R? being an open
bounded domain in the xy-plane and h being the thickness of the mem-
brane. Since the thickness h < 1, the thin membrane may be idealized
as a two-dimensional body; the thermodynamic state is then described by
the out-of-plane displacement w : U — R and the out-of-plane polariza-
tion P : U — R. For thin membrane, we also anticipate that bending is
the predominant mode of deformation, and hence use the linearized curva-
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ture tensor (or strain gradient) of the membrane k;; = —w ;; (for this two
dimensional problem 7, j = 1,2) to describe the deformed state of the mem-
brane. The polarization P is assumed to point along the normal direction
throughout the deformation.

To model the flexoelectric effect, we postulate that the total inter-
nal/stored energy of an isotropic membrane is given by

Umm:/wmmm, (66)
U
where W : R2%X2 x R — R is the total internal energy density function and

sym
given by a quadratic function

1
W(wyij,P) = %(’ijii)Q + ngdet(wvij) + wam + §a3P2 (67)

here we notice that the elastic part, % (w ;;)?+rgdet(w ;;), of the membrane
energy coincides with the linearized Helfrich-Canham model®® of biologi-
cal membranes that are widely used by bio-physicists (which is in turn
identical to the Kirchhoff-Love plate theory), the term fPw ;; gives rise to
the coupling between polarization and curvature (flexoelectric effects), and
the last term %G,gPQ arises from the dielectric property of the membrane.
The constants xs, g, f, and as are material properties of the flexoelectric
membrane and may in general depend on in-plane positions. Moreover, the
stability of the membrane requires that:58
kg _ f?
Ky > 0, —2Kp < kg <0, a >0, and Ky + 5 > . (68)
The boundary of the flexoelectric membrane is clamped: w,w ;|sy = 0.
Then under the application of an external electric field F5 : U — R and a
mechanical body force bs : U — R, the total free energy of the membrane
is given by

ﬂmmzﬁwwmm_éwa+mg (69)

where the first integral is the internal energy of the flexoelectric membrane,
and the second one is the potential energy arising from the interaction be-
tween the membrane and the external electric field and mechanical loading
device.

In the equilibrium state, by the principle of minimum free energy the
pair of (w, P) shall minimize the total free energy (69):

in Flw, P 70
WS [w, P] (70)
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where the admissible space for (w, P) is given by

S :={(w, P): / lw ;% < —l—oo,/ |P|? < +o00,w,w|ov = 0} (71)
U U
By standard variational calculations, it can be shown that a minimizer
(w, P) of the minimization problem (70) necessarily satisfies the following
Euler-Lagrange equations and boundary conditions:

(Lijriw k) ,ij + (fP)si —bs =0 on U,
fwiy+aP—E3=0 on U, (72)
w=0, w;=0 on OU

where Liji (4,7,k,1 = 1,2) represent the bending stiffness tensor which
links the bending moment and the curvature of a membrane.
Using (72)2 we eliminate P in (72); and obtain

{[(Lijkl - %5@51@1) + £E35ij],ij —b3=0 on U, (73)

w = 0’ w,; = 0 on OU.

Consider a flexoelectric membrane. In the absence of applied body force
b3 = 0, the membrane can nevertheless be bent by an external electric field
since the term £E36ij in (73); serves as a “source” term for the bound-
ary value problem (73) of w. It is of interest to investigate the effects of
the external field on w. For simplicity, assume that the membrane is ho-
mogeneous and isotropic, and hence the boundary value problem can be
rewritten as

[kywrr +vEs3] 5 =0 on U, (74)

where Ky, = 21, + A\ — (f?/a) and v = f/a. For appropriate boundary con-
ditions as specified in (73)s, it is standard to solve (74) for w. As examples,
below we present a few explicit solutions, assuming infinite membrane on
R? and natural boundary conditions at the infinity:

wiqi(xg) — 0 as T — +oo 75
ij

We remark that w is only determined within an arbitrary linear function of
(z1,22) by the above conditions (75). Also, appropriate decay conditions
on the source term E3 are required for (75). These simple solutions may be
used for measuring the material properties in (67) and as the benchmarks
of numerical schemes.
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6.1. E3 = E3(2131)

Since Fs3 is independent of zo, by symmetry we seek a solution of form
w =w(x1) to (74), ie
d? d?
yi —— kb 2w(3:1) +vE3(x1)] =0 vV eR. (76)
22" dx

The general solution to equatlon (76) is given by

// —FE.(x1) + Co + Cya1, (77)

where Cy and C are the mtegratlon constants and shall be determined
by boundary conditions. In particular, if the external field is generated by
an infinite line charge of line density ¢ along is direction and above the
membrane with distance zy, then

z
By(n) = 5 (2 +ad) ™ (78)
Substitute (78) into (77), then we have
w(zy) = al [xarctcm(ﬁ) — Z—olog(x% + 23)] (79)
27T60K)b 20 2

Fig. 12 shows that the line charge ¢ can cause the deformation of a flex-
oelectric membrane. In the figure, = is normalized by the distance be-
tween the charge and the membrane zg, w(z;) is normalized by the term
wo = qy/€okpzo. We expect this result to have important implications for
the study of lipid bilayers by ions in the surranding electrolytes.

6.2. E3 = Eg(’f‘)
Since Ej3 is only a function of r = (22 + 23)1/2,

solution w = w(r) to (74)

by symmetry we seek a

d d d d
Neglecting immaterial mtegration constants, by (75) we have
d d vy
el N
() = — LBy (r) (30)

Upon specifying the functional form F3(r), we can integrate the RHS of
(80) explicitly for w(r). In particular, if the external field is generated by
a point charge @ above the membrane at x3 = z(, then

qzo _
By(r) = = (407702 (81)

Substitute (81) into (80), then we have

w(r) = — i [log(r) — log(z3 + z00/72 + 23)] (82)

4megkyp
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Fig. 12. Deflection of a flexoelectric membrane near a line charge. Reprinted with
permission from ELSEVIER.*3 Copyright 2014.

7. Flexoelectricity in Soft Materials

7.1. 1D formulation for soft materials

In this section, our recent effort to investigate the effect of nonlinearity
on flexoelectricity in soft materials®® is presented. We now consider a
one-dimensional system (a thin film) which is composed of soft materi-
als. For this case, the strain of the system is expected to be finite and
it is necessary to differentiate between the current and reference configu-
rations. Let (X,Y,Z) be the Lagrangian coordinates of material points,
(p§(X), P§(X)) be the external polarization (along X-direction, per unit
volume) and charge density (in the reference configuration), and b§(X), t§
be the body force, surface traction (equal and opposite at top and bottom
faces) in X-direction, respectively. The electrodes on the top and bottom
faces are assumed to be mechanically trivial. Nevertheless, the electrodes
are expected to maintain a constant electrostatic potential on both the top
and bottom faces.

The electro-elastic state of the film is described by deformation and
polarization—these are the independent variables in our formulation. In the
presence of external charges, dipoles, applied voltage, and mechanical loads
the film is deformed; the deformation is denoted by (z,y,2) = x(X,Y, Z)
with (z,y, z) being the Eulerian coordinates in the current configuration.
Let P be the intrinsic polarization in X-direction per unit volume (in the
reference configuration). Since the film is thin (the thickness H is much
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smaller than the width L in the other two directions) and transversely
isotropic, for simplicity we restrict ourselves to the following class of defor-
mation and polarization:

z=X+ulX), y=Ya(X), z=27pX), P=PX), (83)

where the scalar functions u,a, 8, P : (0, H) — R are determined by the
equilibrium conditions. We remark that this kinematic assumption (83)
about the possible form of deformation is the equivalent to that in the clas-
sic theory of extension. Following the standard framework of nonlinear con-
tinuum mechanics, we introduce the stretches in X (resp. Y, Z)-direction:

AM=1+ g—)’é (resp. Ag = % = a,\3 = g—g = (). Thus, the Jacobian
becomes J = A\ A2 \3 = det F. For brevity, we denote by
d\1 dXe dAg
A= (A, Ao, As d A= (A,AN3) = (——,——, —=).
(A1, A2, A3) an (A1, Az, Ag) (dX’dX’dX)
Then the governing equations (25) reduce to the following 1D version:
g%idixg%)+%%§:0 on (0, H),
LT+ 3]+ Jb =0 on (0,H),  (84)
dleoy o + PR = R05(X)  on (0,H),
where
- O d oY )
N AL =1,2,3), 85
o axlan) U ) (85)
and

~ 1 €0J
Yi=—— P+ P+ —
1 )\%Qﬁ,X( + 0)+2)\:15¢7X7
~ 60J 2 ~ €0J 2
E = —— 5 2 = 3 . 86
2= 5, (¢.x) 3 2)@\2( ¢ ,x) (86)
As a special case, we assume that there are no external body force and the
surface traction t§ applied in the X direction. Then boundary conditions
are given by

Ti+% —t5=0 at X =0 &X = H,

Ty+35 =0 at X =0 &X = H,

Ts+ X35 =0 at X =0 &X = H, (87)
[¢] 0 0

81)1:71/’2:%:0 at X =0 &X = H,

$(0) =0, o(H) =V,

where t§ is the X — component of tg.

flexoelectricity page 37
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To demonstrate the flexoelectric effects in soft materials, we consider
isotropic flexoelectric materials with the internal energy density given by

1 p2

2(e —€9)J (88)

¢(>" A, P) = Welast<A) + gAf + fA1P +
where Weiqs:(A) is the strain energy density function dictating the mechani-
cal properties of materials, the last term implies that the dielectric constant
(i.e., permittivity) e of the material is independent of deformation in the
absence of flexoelectric effects, i.e., the third term fA; P, the second term
9A? guarantees that the natural state (X, A,P) = (0,0,0) is the stable
equilibrium state of the film in the absence of all external electrical and
mechanical loads. Here, constants f,g > 0,e > ¢y are material properties
which can be determined by benchmark experiments.

Inserting (88) into (84), (85),and (87), then we obtain the following
governing equations

ﬁ-i‘f/\l‘i‘)%%:o on (0, H),
[5st + 53 — (qu.xx + [P) x] x +b5=0 on (0, H),
Wetaer 1 5y = on (0,H), (89)
Wdast 4 53 = () on (0, H),
Lleot o x + EEEIE0] = A e x) on (0, H),

and the boundary conditions

Waast 4+ 1 — (qu.xx + fP).x] —t§=0 at X =0 &X = H,
guxx +fP=0 at X =0&X = H,
¢(0) =0, p(H) =V,
(90)
where
-, = P2
I > N S
’ 2(6 — 60)J/\i

We remark that if the elastic properties of the soft materials are specified,
e.g. the Neo-Hookean hyperelastic model with (i, shear modulus; &, bulk

modulus)
K

WerastN) = ST =124 33 +X0) =8|+ (T - 1% (91)

then (89) and (90) form a closed boundary value problem which can be
solved to determine the state variables (x, P) (i.e., u, o, 8, P, and ¢).
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Moreover, if the material is incompressible with J = Ao 3 = 1, the
state variables as given by (83) shall satisfy

J=(1+ux)ap=1.

To incorporate this incompressibility constraint, we use the Lagrange mul-
tiplier approach and add to the total free energy:

/0 al(1 + ux)af — 1)dX,

where ¢ : (0, H) — R can be interpreted as the hydrostatic pressure as in the
classic context. Taking into account the hydrostatic term and repeating the
similar variational calculations as stated previously, we find the associated
Euler-Lagrange equations

%—Vg+%¢x:0 on (0, H),
%iX[T1~+ S+ L]+ Jbs =0 on (0, H), (©02)
T2+22+%:0 OD(O,H),
T3+23+E: On(O’H)7

For an incompressible flexoelectric Neo-Hookean material described by
(88) and (91), based on symmetry, we note that a solution for the boundary
value problem should satisfy

A=a=X=8=A"* on(0,H). (93)

Further, we can rewrite the strain energy density as

2
Welast()\l) = %()\% + —

N 3), (94)

which, by(85), (92)3 4, and (93), implies
TQ = T3 = 0, 532 = 533 = —qA}/Z on (0, H) (95)

Eliminating ¢ in (92)1 2 by equatinos (95), we obtain the following explicit
boundary value problem for u, ¢, and P:

Lt fux+ATox =0 on (0, H),
[p(A1 — )\1_2) + ieq —(guxx + fP) x| x +Jb§=0 on(0,H),
[—eo\[ b x + P+ P§l.x = \ip§ on (0, H),
pM = A\ + %y — (guxx + fP)x —t5=0 at X = 0&H,
guxx + fP=0 at X = 0&H,
$(0) =0, o(H) =V,

(96)

where A\; = 1+u _x, and f}eq = f}l—)\l_g/2f]2 = —%%¢’X(P+P§)+;—%(¢1X)2.
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7.2. Flexoelectric effects in a soft bilayer structure

Now we consider the flexoelectric effect in the context of the simple bilayer
structure shown in Fig. 13. For this structure, the layer A and B are
made of different soft materials. For this problem, the voltage difference
between the two surfaces is maintained to be zero throughout the calcula-
tion however a uniform loading ¢§ is applied. Under this loading, an electric
displacement will ensue in the body. The effective piezoelectricity is then
calculated by d¢/7 = dD /dt§, where D is the average electric displacement
of the bilayer structure.

Fig. 13. A bilayer flexoelectric structure under uniform mechanical loading. Reprinted
with permission from.*3 Copyright 2014 by ELSEVIER.

In the absence of external polarization, charges and body force, i.e.,
P§ = b5 = p§ = 0, by (96) we obtain the following explicit boundary value
problem for u, ¢, and P:

Lo+ fAax+ Ao x =0 on (—Hy, H,),

M = A\H) + 20y — (guxx + fP) x]x +Jb§=0 on (—Hy, H,),
[—eoM'px + P+ Pl x =0 on (—Hy,0) U (0, Hy),
pM = A2 + By — (guxx + fP)x —t5=0 at X = —Hy&H,,
guxx + fP=0, ¢=0 at X = —Hy&H,

(97)
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with the following interfacial conditions

MM = A7) + Eeg — (guxx + fP) x| x + Jb5] =0
[[~eori'dx + P+ P§lx] =0

[gu.xx + fP] =0, [¢] =0

[ul =0,  [ux]=0

where [ ]| = ()]x=0; — ()lx=0_-

For this problem, we set the displacement on the interface u(0) to be zero
to eliminate rigid body motion. Polypropylene cellular film and polyvinyli-
dene fluoride (PVDF) are used for the layer A and B, respectively. The
material properties of the two layers are given by

e Layer A: pu, = 0.95M Pa, ¢, = 2.35¢y, fo = 46.T9Nm/C, g, = 1.28 X
1078 N;
e Layer B: iy = 2.0GPa, e, = 9.5¢q, fy = 1T9Nm/C, g, = 5.42x1071ON.

The shear modulus and flexoelectricity coefficient of PVDF are reported
in Chu and Salem’s work.*> The shear modulus of polypropylene cellular
is from (Qu and Yu,2011).”° Since there is no report on the flexoelectricity
coefficient of polypropylene cellular film, in this work, we have assumed a
reasonable value which is within the range of known values for common
polymer materials. Also, the value of g has to be estimated. The reader is
referred to two works®3 7! that use atomistic and microscopic considerations
to determine this parameter that sets the nonlocal elastic length scale.
We use a simple route to predict an approximate value for the polymer
studied by us. As motivated by Maraganti and Sharma,33 the characteristic
nonlocal elastic length scale can be approximated by the radius of gyration.
Accordingly, we set \/g/3p ~ Ry, where R, is the radius of gyration of the
polymer studied.

It is not trivial to analytically solve the boundary value problem de-
scribed by (97) and (98). In this section, a general purpose finite-element
based partial differential equations solver (COMSOL) was used for this pur-
pose. Because of the highly nonlinear natural of the problem, the quartic
(4th-order) 1D finite element is used for all the calculations in this section.
Another reason for using the higher order element here is that the high
order continuity need to be satisfied throughout the specimen.

Fig.14 shows the size effect on the effective piezoelectricity for different
stress levels. In this figure, d®/f is normalized by d®27%9s. Several ob-
servations may be made:(i) the effective piezoelectric coefficient shows size
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Fig. 14. Flexoelectric effect in a soft bilayer structure. Reprinted with permission from
ELSEVIER.43 Copyright 2014.

effect which can be profitably used to engineer a high electromechanical
coupling by exploiting the flexoelectric effect, (ii) the resulting electrome-
chanical coupling in soft material is quite high—reaching to 20 times that
of Barium Titanate, and finally, (iii) unlike hard ceramics, the pronounced
size-effect is evident even at the micron scale (as opposed to nanoscale).
The latter has important ramifications in terms of experimental verifica-
tion and exploitation for practical applications.

8. Concluding Remarks

In this chapter, we have attempted to provide a comprehensive account of
a continuum field theory for flexoelectricity. In particular, we have em-
phasized a careful development of the nonlinear theory of flexoelectricity
which is critical when considering soft materials. We have presented several
pedagogical examples that illustrate the important applications of flexoelec-
tricity in the fields of energy harvesting, sensing and actuation, soft active
materials, and biological membranes. In particular, we strongly believe
that some of the most exciting applications of flexoelectricity will emerge
in the area of soft materials.
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