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First and Second Laws of Thermodynamics

Defining the dipole density per unit volume in the reference configuration by nominal polar-
ization P, the free energy density by W(F,P,T), and the local electric field by

ebeP= [ Fvaep = [ FaETve? )
Q, 2 Qn 2
the total free energy of the body is:
Ax,P,T] = / U(F,P,T)+Ex, P (2)
Qg

And the total internal energy of the body becomes

Ulx, P, T] = / TS(F,P,T) + Alx, P, T], (3)
Qr
where S is the local entropy density per unit volume in the reference configuration. We
remark that here we have assumed that the body is homogeneous in space and time so W,
®, and S do not explicitly depend on X. Considering Dirichlet boundary conditions

x(X,t) =X +uy(X, 1) on 09,
E(X,t) = &(X,t) on 0Ny, (4)
T(X, t) = Tb(X, t) on QQR,

where u,, &, and T; are the prescribed boundary displacement, prescribed electric po-
tential, and prescribed temperature accordingly. The rate of work done to the system with
no body force is

Pt = /aszR(ub t°— D - n), (5)

where t¢ is the traction applied to the system and D = —goJC~'V¢ + FIP is the
nominal electric displacement. The rate of total heat transferred into the body is

Q:K;n—é%qwn (6)



where q is the thermal flux and r, is the rate of heat supply. Assuming that the considered
system is stationary and neglect kinetic energy, first and second laws of thermodynamic imply
that:
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where P C ()i is any material volume element in the reference configuration. With some
tedious calculations addressed in Darbaniyan et al.Y we have

d

€= /ﬂ R(V)’(:EMW+V§-F_1P)— &D - n. (8)

Where Sy = (F7VE) @ (£0JC'VE — F7IP) — %OJ|F‘TV§|2F‘T is the so called the
Maxwell stress. Substituting in first and second laws of thermodynamic and rearranging,
the standard Coleman-Noll approach implies that
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P = _F1v¢ , in Qp,
S(F,P,T) = —-ZW(F,P,T) inQp,
d O . (9)
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Where o = 7F + Xnmw is the total stress applied to the system and with the assumption
of the linear Fourier’s law: q = —kVT, with k£ > 0.

Constitutive Relations

In this section we specify free energy function ¥(F, P, T") that conserves the principle of frame
indifference and material symmetry. If SO(3) be the group including all rigid rotations and
G C SO(3) be the subgroup associated with material symmetry, for any R € SO(3) and
Q € G, we should have

U(RF,RP,T) = U(F,P,T), U(FQ,P,T) = U(F,P,T). (10)

Choosing the reference configuration as the equilibrium one with (P,7) = (0,7}) in
the absence of external loadings, we have ¥(F,P,Ty) > ¥(I,0,Tp), with I being the iden-
tity matrix. We assume that the material is isotropic with permittivity ¢ independent of
temperature and deformation and incompressible at constant temperature. With the latter



assumption, thermoelastic incompressibility, the volume change caused by thermal expan-
sion has to be taken into account.? To that end having a as the linear thermal expansion
coeflicient and AT =T — T;, we assume that:

J =1+ 30AT. (11)

Considering Uy as a constant identified as the free energy density at (F,P,T") = (1,0, Tp),
one possible form for free energy density can be

Lidk

T op
V(F,P,T)=V)—-CTlog —+ =(I, — 3) = II|J — (1 + 3aAT —
( ) ) 0 OgT0+2(1 ) | ( +ox )|+2J(6—60)’

(12)

where II is the Lagrange multiplier and ¢y is the vacuum electric permittivity. From
Eq.(9), we get:

V- [uF — ILJFT — %J!F*TVQZF*T +eJ(FTVE ® (CT'VE)] =0 in Qg
[uF — ILJF-T — §J|F‘TV§|2F‘T +eJ(FTVE) ® (C7'VE)] n =t on A,
CT +3aTIl =1, + V - (kVT) in Qp.
(13)
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