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1 Introduction
Living tissues are fundamentally distinct from passive structural 

materials, operating as dynamic systems of cells that continuously 
consume energy to move, deform, and generate internal forces as 
they interact with their environment. Biological systems, therefore, 
belong to the broader class of active matter operating far from equi
librium. A general overview of the continuum and statistical- 
mechanical approaches to active biological matter can be found 
in [1]. Rather than behaving as inert structural elements, these 
cells maintain steep ion concentration gradients and actively 
remodel their internal cytoskeleton through complex, ATP-driven 
processes [2,3]. This sustained metabolic activity fosters a remark
able state in which mechanical action and electrical polarization are 
not merely coexistent, but are profoundly and dynamically 
intertwined.

For instance, mechanical deformations such as the stretching of a 
cell membrane can activate mechanosensitive ion channels to 
modulate membrane potential [4,5], while changes in voltage can 
conversely reorganize cytoskeletal networks and alter cellular 
tension [6,7]. Direct evidence of this coupling has been observed 
in experiments combining patch-clamp recordings with atomic 
force microscopy, which reveal that voltage fluctuations can 
induce immediate changes in membrane shape [8,9]. Ultimately, 
this reciprocal feedback loop lies at the heart of cellular 

mechanotransduction, enabling cells to efficiently convert physical 
environmental cues into coordinated biochemical and electrical 
signals [10]

When these individual cells act in concert within a tissue, their 
collective dynamics give rise to emergent behaviors that transcend 
the properties of any single cell. Tissues possess the remarkable 
capacity to flow, jam, fold, or undergo abrupt morphological tran
sitions—often driven by internal active stresses rather than external 
mechanical loads [11,12]. These transitions are fundamental to crit
ical biological processes, including embryonic development, 
wound healing, and tumor invasion, where cell populations move 
and deform in a coordinated yet intrinsically stochastic manner 
[13,14].

Recent experimental evidence highlights that tissues maintain 
large, persistent fluctuations in both deformation and membrane 
potential even in a quiescent state. For instance, time-resolved trac
tion force microscopy and mechanical wave propagation assays 
have demonstrated that epithelial monolayers generate sponta
neous force fluctuations across long-range scales [15,16]. Simi
larly, the “flickering” observed in red blood cell membranes has 
been identified as an active process driven by adenosine triphos
phate (ATP) rather than a simple thermal equilibrium effect [17]. 
These fluctuations are significantly larger than those predicted by 
thermal noise alone, suggesting a deeply nonequilibrium origin 
rooted in active cellular processes [17,18].

What fundamentally drives these nonequilibrium fluctuations 
and how do they redefine the physical state of a tissue? Internally, 
cells generate fluctuating forces through actomyosin contractions, 
ion transport, and stochastic motor activity, all of which break 
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detailed balance and inject energy at the microscale [19]. These 
active fluctuations can produce dramatic effects; for instance, in 
epithelial monolayers, increased activity or confinement can fluid
ize the tissue and drive an unjamming transition even in the 
absence of gene-level changes associated with epithelial–mesen
chymal transition [20]. Experiments with synthetic or reconstituted 
tissue systems further demonstrate that internal fluctuations and 
geometric constraints alone can lead to rigidity breakdown even 
without biochemical regulation [21,22]. Collectively, these find
ings suggest that fluctuations are not simply noise; instead, they 
can act as control parameters that restructure a tissue’s electrome
chanical state (Fig. 1).

Several theoretical models have addressed fragments of this 
problem. The classical Helfrich model describes membrane undula
tions via curvature elasticity under thermal fluctuations [23]. This 
framework has been used extensively to model shape fluctuations 
in lipid vesicles and red blood cells [24,25]. Extensions of this 
model incorporate active-noise and nonlinear curvature effects, as 
shown in recent work [26], by Kulkarni who demonstrated that 
active fluctuations renormalize membrane stiffness and generate cor
related fluctuations. Similar renormalization of effective mechanical 
properties in fluctuating active membranes has also been reported in 
recent analytical studies [27]. These ideas have also been used to 
explain how vesicle size distributions may change when compared 
with equilibrium calculations [28–32], or how sensitively electrical 
fields can be detected. Active matter theories, such as vertex-based 
models and continuum active gels, describe collective tissue 
mechanics including emergent rigidity transitions and flows 
[11,18]. Flexoelectric models provide a separate framework for cou
pling strain gradients and polarization in biological systems and have 
been validated in synthetic lipid systems and membranes [33–35]. 
However, most of these frameworks either neglect the coupling 
between strain and voltage or rely on equilibrium assumptions that 
exclude the role of active, stochastic fluctuations.

In this work, we develop a continuum theory of living cell aggre
gates that captures the stochastic electromechanical dynamics 
arising from both thermal and active fluctuations at steady-state. 
Our formulation draws on foundational developments in elastic 
membrane mechanics [23,36] and the statistical thermodynamics 
of fluctuating soft interfaces. In addition, statistical field theory 
and coarse-graining frameworks developed for nonlinear soft 
materials [37–39] provide a methodological foundation for 
systematically deriving fluctuation-renormalized material prop
erties. Building on these approaches, and extending recent 
statistical-mechanical treatments of cell aggregates [40], we con
struct a unified description of strain–voltage coupling in active 
tissues.

The model couples mechanical strain and membrane potential 
through a nonlinear energy functional and derives their dynamics 
via Langevin equations with distinct thermal and active-noise 
sources. By analytically computing the resulting fluctuation spec
trum, we demonstrate that active fluctuations renormalize the 
effective mechanical stiffness, shift the equilibrium membrane 
potential, and can induce a fluctuation-driven transition from a 
solid-like to a fluid-like state. These results provide a mechanistic 
basis for experimentally observed tissue fluidization, electrome
chanical remodeling, and activity-induced rigidity transitions in 
both living and synthetic systems. More broadly, the framework 
clarifies how nonequilibrium fluctuations can fundamentally 
reshape material properties in active biological matter and suggests 
design principles for responsive, fluctuation-driven materials.

The rest of this paper is organized as follows. In Sec. 2, we 
present the theoretical model, introducing the Hamiltonian and 
deriving the Langevin equations that govern the time evolution 
of the strain and potential fields. In Sec. 3, we compute the fluctu
ation spectrum under both thermal and active noise and use it to 
derive effective free energy and material parameters. Section 4 dis
cusses the physical implications of our results, including renorma
lized resting potential, activity-induced phase transitions, and 

nonlinear electromechanical response using biologically relevant 
parameters. Finally, in Sec. 5, we summarize our findings.

2 Theoretical Formulation
2.1 Phenomenological Continuum Model. We model a 

living cell aggregate as a collection of N mechanically and electri
cally interacting cells. Each cell can deform and exhibit variations 
in its transmembrane potential. The mechanical state of the ith cell 
is represented by a symmetric strain tensor Ei ∈ R2×2

sym whereas the 
electrical state is represented by a transmembrane potential ξi. To 
encode incompressibility, we impose trEi = 0. Thus, the electro
mechanical state of the ith cell is described by the pair (Ei, ξi). 
The admissible state space for a single cell is

D :=
􏽮

(E, ξ) ∈ R2×2
sym × R : trE = 0

􏽯
, i = 1, 2, . . . , N (1) 

To describe the electromechanical properties of the cell aggre
gate, we postulate a single-cell energy function that accounts for 
mechanical strain, transmembrane potential, and their electrome
chanical coupling [40]:

ψ(E, ξ) =
μ

γ∗2
|E|2(|E|2 − γ∗)2 +

ϵ
2λ2 (ξ − ξ∗)2 + K(ξ − ξ∗)|E|2

􏼒 􏼓

A

(2) 

where A denotes the in-plane area per cell (with unit thickness, A is 

also the cell volume). The first term, (μ/γ∗2) |E|2
(
|E|2 − γ∗

􏼁2
, 

accounts for the strain energy: the shear modulus μ > 0 quantifies 
the cell’s resistance to shear, and γ∗ reflects alternative 
ground-energy celluar arrangement in T1 transition [41]. The 
second term, (ϵ/2λ2)(ξ − ξ∗)2, represents the electrical energy 
stored in the membrane, where ξ∗ is the resting potential, ϵ is an 
effective dielectric parameter, and λ is a length scale comparable 
to the membrane thickness. The last term, K(ξ − ξ∗)|E|2, encodes 
the electromechanical coupling with strength K.

We incorporate nearest–neighbor interactions to account for 
mechanical and electrical coupling between cells in the aggregate. 
For the ith cell, we postulate the interaction energy [40]:

H(i)
int(Ei, ξi) =

A
2 l2

Jelas
􏽘

j∈I i

|Ei − Ej|
2 + Jelec

􏽘

j∈I i

|ξi − ξj|
2

􏼠 􏼡

(3) 

where I i is the set of nearest neighbors of cell i, l is a length scale 
comparable to the cell size, and Jelas, Jelec > 0 are coupling con
stants for mechanical and electrical interactions, respectively. 
The factor 1/2 avoids double counting of pairwise interactions. 
The Hamiltonian of the N cell aggregate system is then given by

H({Ei, ξi}
N
i=1) =

􏽘N

i=1

ψ(Ei, ξi) +
􏽘N

i=1

H(i)
int(Ei, ξi) (4) 

To pass to a continuum description, we introduce smoothly 
varying fields E(r) and ξ(r) and approximate nearest–neighbor dif
ferences by gradient terms:

􏽘

j∈I i

|Ei − Ej|
2 −→ l2 |∇E(r)|2,

􏽘

j∈I i

|ξi − ξj|
2 −→ l2 |∇ξ(r)|2

(5) 

where r = (x, y) denotes position on the membrane patch. Replac
ing the sum over cells in Eq. (4) by an integral, 

􏽐
A→

�
dr, yields 
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the Hamiltonian of the continuum model:

H[E, ξ] =
􏽚

dr
μ

γ∗2
|E|2

(
|E|2 − γ∗

􏼁2 +
ϵ

2λ2 (ξ − ξ∗)2

􏼒

+K (ξ − ξ∗) |E|2 + 1
2 Jelas|∇E|2 + 1

2 Jelec|∇ξ|2
􏼁

(6) 

To simplify the analysis while retaining the essential features of 
the mechanical deformations, we project the strain tensor E ∈ R2×2

sym

onto a single variable γ, representing pure shear strain as

E = 0 γ
γ 0

􏼔 􏼕

, |E|2 = 2γ2 (7) 

Using the scalar representation of strain E(r) → γ(r), the Hamil
tonian (6) can be rewritten as

H[γ, ξ] =
􏽚

dr
μ

γ∗2
2γ2(2γ2 − γ∗)2 +

ϵ
2λ2 (ξ − ξ∗)2 + K(ξ − ξ∗)2γ2 + Jelas|∇γ|2 +

1
2

Jelec|∇ξ|2
􏼒 􏼓

(8) 

The Hamiltonian (8) is anharmonic in strain. To facilitate fluctu
ation analysis, we expand and truncate the Hamiltonian around an 
equilibrium state. Let (γ̅, ξ̅) denote the averages of strain and poten
tial, and (γ′, ξ′) denote fluctuations defined by

(γ′, ξ′) = (γ, ξ) − (γ̅, ξ̅) (9) 

To obtain a harmonic model for the fluctuations (γ′, ξ′), we 
expand the Hamiltonian (8) about the average state (γ̅, ξ̅) and 
retain only terms up to second order as follows. In particular, the 
nonlinear mechanical energy density can be approximated as

f1(γ) ≈ f1(γ̅) +
∂
∂γ

f1(γ)|γ̅γ′ +
∂2

∂γ2
f1(γ)|γ̅γ′2

= C1 + L1γ′ + Q1γ′2 

where

C1 =
2μ
γ∗2

γ̅2(2γ̅2 − γ∗)2 Constantterm

L1 =
2μ
γ∗2

(2γ̅(12γ̅4 − 8γ̅2γ∗ + γ∗2)) Linearcoefficient

Q1 =
4μ
γ∗2

(60γ̅4 − 24γ̅2γ∗ + γ∗2) Quadraticcoefficient

(10) 

Similarly, the electrical potential energy expands as

f2(ξ) =
ϵ

2λ2 (ξ − ξ∗)2 =
ϵ

2λ2 (ξ̅ − ξ∗ + ξ′)2

=
ϵ

2λ2 [(ξ̅ − ξ∗)2 + ξ′2 + 2(ξ̅ − ξ∗)ξ′)] 

The coupling term gives rise to

f3(γ, ξ) = 2K(γ̅2 + γ′2 + 2γ̅γ′)(ξ̅ − ξ∗ + ξ′)
= 2K[2γ̅2(ξ̅ − ξ∗) + 2γ̅2ξ′ + 2γ̅(ξ̅ − ξ∗)γ′ + (2γ̅)γ′ξ′ + γ′2ξ′2] 

Suppose that the averages γ̅ and ξ̅ are spatially uniform, and 
hence

Jelas|∇γ|2 = Jelas|∇γ′|2, Jelec|∇ξ|2 = Jelec|∇ξ′|2 

For brevity, we subsequently drop the primes (′), denote the fluc
tuating fields by γ and ξ, and collect the fluctuations into the state 
vector

ϕ := γ
ξ

􏼔 􏼕

(11) 

Neglecting the constant and linear terms, we obtain the harmonic 
Hamiltonian for fluctuations in real space as

H[ϕ]

=
􏽚

dr Q1γ2 +
ϵ

2λ2 ξ2 + (4Kγ̅)γξ + Jelas|∇γ|2 +
1
2

Jelec|∇ξ|2
􏼒 􏼓

(12) 

where Q1 is given in Eq. (10).
To analyze spatial fluctuations, we transform the Hamiltonian to 

Fourier space using inverse Fourier transform identities:

γ(r) =
􏽚

dq

(2π)d eiq·rγq, ξ(r) =
􏽚

dq

(2π)d eiq·rξq

|∇γ(r)|2 =
􏽚

dq

(2π)d q2|γq|
2, |∇ξ(r)|2 =

􏽚
dq

(2π)d q2|ξq|
2

(13) 

where d = 2 is the dimension of the physical space, and we define 
q := |q|. By Parseval’s theorem, we can rewrite the Hamiltonian in 

Fig. 1 Schematic overview illustrating multiscale electromechanical interactions: from organ- 
level waves, through tissue aggregates and intercellular coupling, to intracellular active 
fluctuations
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Eq. (12) in q-space as

Hq =Q1|γq|
2 +

ϵ
2λ2 |ξq|

2 +4Kγ̅ γqξq +q2Jelas |γq|
2 +

1
2

Jelecq2 |ξq|
2

=:
1
2

ϕ†q Mq ϕq

(14) 

where the superscript † denotes the conjugate transpose and

Mq = 2(Q1 +q2Jelas) 4Kγ̅
4Kγ̅ ϵ

λ2 +q2Jelec

􏼔 􏼕

, ϕq = γq
ξq

􏼔 􏼕

(15) 

3 Time Evolution of a Living Cell Aggregate
To model the nonequilibrium dynamics of an active cell aggre

gate, we consider the stochastic evolution of the state variables. 
Accounting for both thermal and active noise, the time evolution 
of fluctuations ϕ(r, t) can be modeled by an overdamped Langevin 
equation [26]:

∂ϕ
∂t

(r, t) =
􏽚

R2
Λ(r − r′) −

δH
δϕ

(r′, t) + ηth(r′, t) + ηa(r′, t)

􏼔 􏼕

dr′

(16) 

where H[ϕ] is the quadratic Hamiltonian from Eq. (12), the 

(Fréchet) functional derivative −
δH
δϕ

(r′, t) can be interpreted as 

the local generalized force, Λ(r) is the mobility kernel, and ηth

and ηa denote the thermal and active-noise fields, respectively. 
By calculus of variation and Eq. (12), we find the functional deriv
ative of the Hamiltonian as

δH
δϕ

=

δH
δγ
δH
δξ

⎡

⎢
⎢
⎣

⎤

⎥
⎥
⎦ = 2Q1 γ + 4Kγ̅ξ − 2JelasΔγ

ϵ
λ2 ξ + 4Kγ̅γ − JelecΔξ

􏼔 􏼕

(17) 

For simplicity, assume that the mobility kernel 
Λ(r) = diag[Λγ(r), Λξ(r)] is diagonal. Applying spatial Fourier 
transform f (r) 7! fq =

�
f (r)e−iq·rdr to (16) yields a linear stochas

tic ODE for each mode ϕq(t)

∂ϕq

∂t
= Θq ϕq + Fth

q (t) + Fa
q(t) (18) 

and

Θq =
−Λγ

q

(
2Q1 + 2Jelasq2

􏼁
−Λγ

q(4Kγ̅)

−Λξ
q(4Kγ̅) −Λξ

q
ϵ
λ2 + Jelecq2
􏼐 􏼑

􏼢 􏼣

(19) 

and the noise–force vectors

Fth
q (t) =

Λγ
q (ηth

q )γ(t)

Λξ
q (ηth

q )ξ(t)

􏼢 􏼣

, Fa
q(t) =

Λγ
q (ηa

q)γ(t)

Λξ
q (ηa

q)ξ(t)

􏼢 􏼣

(20) 

Here, Λγ
q and Λξ

q denote the Fourier symbols of the mobility 
kernel for the γ and ξ components, respectively. Quantities 
(ηth

q )γ, (ηa
q)γ are Fourier modes of thermal and active noise, respec

tively, for γ component, whereas (ηth
q )ξ, (ηa

q)ξ are Fourier modes of 
thermal and active noise, respectively, for ξ component, and 
Δ→−q2 under the Fourier transform.

3.1 Fluctuation Analysis

3.1.1 Fluctuation Spectrum With Thermal Noise. In the pres
ence of only thermal noise, Eq. (18) reduces to

∂ϕq(t)

∂t
= Θq ϕq(t) + Fth

q (t) (21) 

Assume that the thermal noises are uncorrelated across Fourier 
modes and satisfy

􏼊
Fth

q (t) Fth
q′ (t
′)⊤
􏼋
= 2 Bth

q δqq′ δ(t − t′) (22) 

where Bth
q is a symmetric, positive semidefinite 2 × 2 matrix mea

suring the strength of thermal noises. For consistency with the fluc
tuation–dissipation theorem, the stochastic differential equation 
(SDE) (Eqs. (21)–(22)) implies that [19]

Bth
q = −

1
2

Θq Pth
q + Pth

q Θ⊤
q

􏼐 􏼑
(23) 

where Pth
q is the (equilibrium) fluctuation spectrum, i.e., the covari

ance of the Fourier modes at equilibrium under thermal noise only:

Pth
q :=

􏼊
ϕq(t) ⊗ ϕq(t)

􏼋th
eq =

􏼊
|γq|

2
􏼋th
eq

􏼊
γq ξq

􏼋th
eq

􏼊
γq ξq

􏼋th
eq

􏼊
|ξq|

2
􏼋th
eq

⎡

⎣

⎤

⎦ (24) 

At constant temperature T, the equipartition theorem yields [35]

􏼊
(ϕq)i(ϕ∗q) j

􏼋th =
kBT
L3

􏼂
M−1

q

􏼃

ij (25) 

where Mq is the 2 × 2 matrix defined in Eqs. (14)–(15). More spe
cifically, upon inverting the matrix Mq we find the components of 
Eq. (24) as

􏼊
|γq|

2
􏼋th
eq =

kBTL3
ϵ
λ2 +Jelecq2

􏼒 􏼓

(
2Q1+2Jelasq2

􏼁 ϵ
λ2 +Jelecq2

􏼒 􏼓

−16K2 γ̅2

􏼊
γqξq

􏼋th
eq = − kBTL34Kγ̅

(
2Q1+2Jelasq2

􏼁 ϵ
λ2 +Jelecq2

􏼒 􏼓

−16K2 γ̅2

􏼊
|ξq|

2
􏼋th
eq = kBTL3

(
2Q1+2Jelasq2

􏼁

(
2Q1+2Jelasq2

􏼁 ϵ
λ2 +Jelecq2

􏼒 􏼓

−16K2 γ̅2

(26) 

Derivation of Eq. (23). The technical details for arriving at Eq. 
(23) are as follows. Solving the linear SDE (21) for thermal noise 
only and neglecting the decaying term from ϕq(0), we obtain

ϕq(t) =
􏽚t

0
e(t−s)Θq Fth

q (s) ds 

Hence, the covariance

􏼊
ϕq(t) ⊗ ϕq(t)

􏼋th =
􏽚t

0

􏽚t

0
e(t−s)Θq 2Bth

q δ(s − s′)e(t−s′)Θ⊤
q ds ds′

= 2
􏽚t

0
eτΘq Bth

q eτΘ⊤
q dτ 

where τ = (t − s).
At stationary (t→∞),

Pth
q = ϕq(t) ⊗ ϕq(t)

􏽄 􏽅th

eq
=2
􏽚∞

0
eτΘq Bth

q eτΘ⊤
q dτ (27) 

Differentiating the integrand with respect to τ and then integrat
ing over (0, + ∞), we conclude that (27) satisfies the Sylvester/ 
Lyapunov equation [42]

ΘqPth
q + Pth

q Θ⊤
q = 2 eτΘq Bth

q eτΘ⊤
q

􏽨 􏽩∞

τ=0
= − 2Bth

q (28) 

which is equivalent to Eq. (23).

3.1.2 Fluctuation Spectrum With Both Thermal and Active 
Noise. With both thermal and active noise present, Eq. (18)
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becomes

∂ϕq(t)

∂t
= Θq ϕq(t) + Fth

q (t) + Fa
q(t) (29) 

We model the active noise as zero-mean, exponentially corre
lated (Ornstein–Uhlenbeck) and diagonal in the (γ, ξ) components:

􏼊
ηa

q(t) ⊗ ηa
q′ (t
′)
􏼋
= Γa

q e−|t−t′ |/τa δqq′ ,

Γa
q =

(Γa
q)γ 0

0 (Γa
q)ξ

􏼔 􏼕 (30) 

where τa > 0 is the correlation time scale for active noise, and 
(Γa

q)γ, (Γa
q)ξ set the active-noise strengths of the strain and potential 

components, respectively.
Using Eqs. (20) and (30), and assuming the γ and ξ components 

of the active noise are uncorrelated, the active force covariance is
􏼊
Fa

q(t) ⊗ Fa
q′ (t
′)
􏼋

=
(
Λγ

q

􏼁2􏼊
(ηa

q)γ(t) (ηa
q′ )

γ(t′)
􏼋

0

0
(
Λξ

q

􏼁2􏼊
(ηa

q)ξ(t) (ηa
q′ )

ξ(t′)
􏼋

􏼢 􏼣

= 2 Ba
q e−|t−t′ |/τa δqq′ , (31) 

with diagonal, symmetric

Ba
q =

1
2

(
Λγ

q

􏼁2
(Γa

q)γ 0

0
(
Λξ

q

􏼁2
(Γa

q)ξ

􏼢 􏼣

(32) 

Neglecting the decaying term from ϕq(0), the solution of 
Eq. (18) is given by

ϕq(t) =
􏽚t

0
e(t−s)Θq

(
Fth

q (s) + Fa
q(s)

􏼁
ds (33) 

Assume that Fth
q and Fa

q are mutually uncorrelated. The covari
ance splits additively:

􏼊
ϕq(t) ⊗ ϕq(t)

􏼋th,a

=
􏽚t

0

􏽚t

0
e(t−s)Θq

􏼐
2Bth

q δ(s − s′) + 2Ba
q e−|s−s′ |/τa

􏼑
e(t−s′)Θ⊤

q ds ds′

= 2
􏽚t

0
e(t−s)Θq Bth

q e(t−s)Θ⊤
q ds

􏽼�������������􏽻􏽺�������������􏽽
􏼊
ϕq ⊗ ϕq

􏼋th

+ 2
􏽚t

0

􏽚t

0
e(t−s)Θq Ba

q e−|s−s′ |/τa e(t−s′)Θ⊤
q ds ds′

􏽼�����������������������􏽻􏽺�����������������������􏽽
􏼊
ϕq ⊗ ϕq

􏼋a

(34) 

In particular, the first term reproduces the thermal result (Eqs. 
(22)–(26)), while the second adds the contribution from the 
active noise.

1 Active-noise contribution. From Eqs. (33) and (31), with 
thermal and active forces uncorrelated, the active part of the covari
ance is

􏼊
ϕq(t) ⊗ ϕq(t)

􏼋a =
􏽚t

0

􏽚t

0
e(t−s)Θq 2Ba

q e−|s−s′ |/τa e(t−s′)Θ⊤
q ds ds′ (35) 

We denote steady-state value, i.e., value in the stationary limit 
(t→∞), of any quantity (·) in the presence of active noise by 
(·)ss. Letting u = t − s, v = t − s′ gives

Pa
q := lim

t→∞

􏼊
ϕq(t) ⊗ ϕq(t)

􏼋a
ss

= 2
􏽚∞

0

􏽚∞

0
euΘq Ba

q e−|u−v|/τa evΘ⊤
q du dv (36) 

In parallel with Eq. (28), we show that the active-noise spectrum 
Pa

q satisfies the Sylvester–Lyapunov equation (with I denoting the 
identity matrix):

Θq Pa
q + Pa

q Θ⊤
q = 2 C,

C = Θq −
1
τa

I
􏼒 􏼓−1

Ba
q + Ba

q Θ⊤
q −

1
τa

I
􏼒 􏼓−1 (37) 

For diagonal Ba
q (cf. Eq. (32)), Eq. (37) can be solved in 

closed-form.
The active-noise contribution in Eq. (36) can be split into two 

regions u ≥ v and v ≥ v

Pa
q = 2(X1 + X2) (38) 

with

X1 =
􏽚∞

0

􏽚u

0
euΘq Ba

qe−(u−v)/τa evΘ⊤
q dv du (39) 

and

X2 =
􏽚∞

0

􏽚v

0
euΘq Ba

qe(u−v)/τa evΘ⊤
q du dv (40) 

We first compute X1, and we change variables s = u − v and 
keep v as the second integration variable, so that u = v + s, 
s ∈ [0, ∞), and du dv = ds dv. This gives

X1 =
􏽚∞

0

􏽚∞

0
e(v+s)Θq Ba

q e−s/τa evΘ⊤
q ds dv

=
􏽚∞

0
evΘq

􏽚∞

0
es Θq−I/τa( ) ds

􏼔 􏼕

Ba
qevΘ⊤

q dv

= −
􏽚∞

0
evΘq Θq −

1
τa

I
􏼒 􏼓−1

Ba
qevΘ⊤

q dv

(41) 

Similar calculations can be applied on X2. Then,

X2 = −
􏽚∞

0
euΘq Ba

q Θ⊤
q −

I
τa

􏼒 􏼓−1

euΘ⊤
q du (42) 

Adding X1 and X2 and relabeling the dummy integration vari
ables u, v→ t, the active contribution becomes

Pa
q =

􏽚∞

0
etΘq DqetΘq⊤ dt (43) 

where Dq is defined as

Dq = −2 Θq −
1
τa

I
􏼒 􏼓−1

Ba
q − 2Ba

q Θ⊤
q −

1
τa

I
􏼒 􏼓−1

(44) 

We now reduce this integral form to an equivalent Sylvester/ 
Lyapunov equation. We define a function as

F(t) := etΘq DqetΘq⊤

dF
dt

= ΘqetΘq DqetΘ⊤
q + etΘq DqetΘ⊤

q Θ⊤
q

(45) 

Integrating this from t = 0 to t = ∞ and using the definition of Pa
q

gives
􏽚∞

0

dF
dt

dt = F(t)|∞0

ΘqPa
q + Pa

qΘ⊤
q = −Dq

(46) 
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Substituting Dq gives

Θq Pa
q + Pa

q Θ⊤
q = −2 Θq −

1
τa

I
􏼒 􏼓−1

Ba
q − 2Ba

q Θ⊤
q −

1
τa

I
􏼒 􏼓−1

(47) 

Defining the right-hand side as 2Cq, we recover the Sylvester/ 
Lyapunov equation stated in Eq. (37).

2 Total fluctuation spectrum. Combining the thermal part 
(Eqs. (22)–(26)) with Eq. (36), the stationary covariance with 
both noises is

Pth,a
q = Pth

q + Pa
q =

􏼊
|γq|

2
􏼋th,a
ss

􏼊
γqξq

􏼋th,a
ss

􏼊
γqξq

􏼋th,a
ss

􏼊
|ξq|

2
􏼋th,a
ss

⎡

⎣

⎤

⎦ (48) 

In particular, for the strain component,

􏼊
|γq|

2􏼋th,a
ss =

􏼊
|γq|

2􏼋th
eq +

􏼊
|γq|

2􏼋a
ss (49) 

where 
􏼊
|γq|

2
􏼋th
eq is the thermal contribution given in Eq. (26) and 

􏼊
|γq|

2
􏼋a
ss is the active contribution in steady-state given in Eq. (55).

3.2 Free Energy. We now formulate an effective free energy 
of a living cell aggregate by incorporating the effects of fluctua
tions. The nonlinear Hamiltonian derived in the previous section 
implies that fluctuations in the strain field renormalize the macro
scopic mechanical and electromechanical properties of the aggre
gate. Following the statistical mechanics coarse-graining 
procedure developed in Ref. [40], we define an effective free 
energy functional for the spatially uniform mean fields (γ̅, ξ̅),
obtained after averaging over the fluctuations.

For the thermal case, the resulting effective free energy density 
is given by

1
A

Feff(γ̅, ξ̅) = μeff
2 + K(ξ̅ − ξ∗)

( 􏼁
2γ̅2 + 4μeff

4 γ̅4 +
8μ
γ̅∗2

γ̅6

+
ϵ

2λ2 (ξ̅ − ξ∗)2 + Qeff(ξ̅ − ξ∗) (50) 

where the coefficients μeff
2 , μeff

4 , and Qeff are fluctuation- 
renormalized effective parameters arising from thermal strain 
fluctuations. These are expressed in terms of the real-space mean- 
square strain fluctuation 〈|γ|2〉theq [40]

(μeff
2 )th = μ 1 −

16
γ∗
〈|γ|2〉

􏼒 􏼓th

eq

(μeff
4 )th =

2μ
γ∗

−1 +
9
γ∗
〈|γ|2〉

􏼒 􏼓th

eq

(Qeff)th = 2K〈|γ|2〉theq

(51) 

In a true nonequilibrium active system, a thermodynamic free 
energy is not strictly defined. We use an instantaneous, energy-like 
functional whose coefficients incorporate both thermal and active 
contributions serving as an effective free energy for the coarse- 
grained system. To include active noise, we replace the thermal 
fluctuation spectrum 〈|γ|2〉theq in Eq. (51) by the steady-state strain 

fluctuation spectrum 〈|γ|2〉th,a
ss , which accounts for both thermal 

and active contributions as given in Eq. (49). Thus, the effective 
free energy of a cell aggregate in the presence of both thermal 
and active becomes:

1
A

(Feff)th,a(γ̅, ξ̅) = (μeff
2 )th,a + K(ξ̅ − ξ∗)

( 􏼁
2γ̅2

+ 4(μeff
4 )th,aγ̅4 +

8μ
γ̅∗2

γ6 +
ϵ

2λ2 (ξ̅ − ξ∗)2 + (Qeff)th,a(ξ̅ − ξ∗)
(52) 

with the renormalized effective coefficients as

(μeff
2 )th,a = μ 1 −

16
γ∗
〈|γ|2〉

􏼒 􏼓th,a

ss

(μeff
4 )th,a =

2μ
γ∗

−1 +
9
γ∗
〈|γ|2〉

􏼒 􏼓th,a

ss

(Qeff)th,a = 2K〈|γ|2〉)th,a
ss

(53) 

4 Results and Discussion
To investigate how active and thermal fluctuations impact the 

mechanical and electrical behavior of living tissues, we consider 
physiologically realistic model parameters informed by experimen
tal data. Table 1 summarizes the chosen values for key physical 
quantities.

In the full electromechanical Hamiltonian, interaction terms 
involving Jelas and Jelec represent nonlocal couplings due to 
mechanical and electrical interactions across the tissue. However, 
for our parameter regime, these contributions are significantly 
smaller than the local elastic and electrostatic terms. Hence, we 
simplify the analysis by neglecting the terms involving Jelas and 
Jelec, focusing only on local behavior. With this local approxima
tion, the thermal strain fluctuation spectrum (Eq. (26)) reduces to

γq

􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
2

􏼜 􏼝th

eq

=

KBT
L3

ϵ
λ2

􏼒 􏼓

(2Q1)
ϵ
λ2

􏼒 􏼓

− 16K2γ̅2

(54) 

The active contribution 〈|γq|
2〉ass is obtained from the stationary 

covariance Pa
q derived in Sec. 3, by solving the associated Sylve

ster/Lyapunov equation using Eq. (A5) in Appendix. We get the 
active fluctuations for strain

〈|γq|
2〉ass =

2B1τa 1 − Θ22( )τa

Θ11 + Θ22( ) 1 − (Θ11 + Θ22)τa + (Θ11Θ22 − Θ12Θ21)τ2
a

􏼂 􏼃

(55) 

Here, Θij are the entries in the matrix Θq defined in Eq. (19).
To compute renormalized material properties in Eq. (53), the 

fluctuation spectrum in Fourier space must be converted to real- 
space quantities. This is achieved by integrating the spectrum 
over biologically motivated wavevector cutoffs. The lower cutoff 
qmin = 2π/t corresponds to the tissue scale, while the upper 
cutoff qmax = 2π/c corresponds to the cell scale, with typical 
values t = 1 mm and c = 0.1 μm [49].

To capture the dissipative dynamics of strain and potential fields, 
we adopt a diagonal dissipation kernel inspired by prior work on 

Table 1 Numerical values of the model parameters 

Parameter Value

Resting membrane potential of the cell(ξ∗) −60 mV [43,44]
Range of potential variation of the cell 
(ξ̅ − ξ∗)

[−200 mV, 200 mV]
[44–47]

Membrane thickness of the cell (λ) 5 nm [48]
Length of the cell membrane (L) 10 μm [48]
Shear modulus of the cell (μ) 200 Pa [49]
Electromechanical coupling constant (K) ∼ 0.1 μ/|ξ∗|
Effective resistance of the cell (R) 145 MΩ [50]
Characteristic time scale for active protein 
force noise (τa)

0.5 μs [49]

Viscosity of embedding fluid (η0) 2.0 × 10−3 Pa s [51]
Dielectric permittivity (ϵ) 20ϵ0 F/m [48,52]
Vacuum permittivity (ϵ0) 8.85 × 10−12 F/m
Boltzmann constant (kB) 1.38 × 10−23 J/K
Temperature (T) 310 K
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active membranes and active matter [26,53]. The kernel takes the 
form:

Λq =
1

4πη0
0

0 1
aRC

􏼢 􏼣

(56) 

where η0 represents the viscosity of the extracellular fluid, 
a = 1/((ϵ − ϵ0)λ) is the electrical constant of the cell membrane, 
R is an effective electrical resistance, and C is the capacitance of 
the cell membrane. This form captures the anisotropic relaxation 
dynamics of mechanical and electrical fields and is analytically 
tractable.

4.1 Renormalized Resting Potential. The local equilibrium 
state of the cell aggregate is determined by minimizing the effec
tive free energy, which incorporates the effects of both thermal 
and active fluctuations.

To identify the equilibrium configuration, we use the principle of 
minimum free energy:

min
(γ,ξ)

(Feff)th,a(γ, ξ)

∂
∂γ

(Feff)th,a = 0 and
∂
∂ξ

(Feff)th,a = 0
(57) 

The local small-strain minimizer is given by

(γ, ξ)= (0, ξ∗eff), ξ∗eff =ξ∗−
(Qeff)th,aλ2

ϵ
=ξ∗−

2Kλ2

ϵ
〈|γ|2〉)th,a

ss (58) 

4.2 Solid-to-Fluid Phase Transition. The above framework 
enables us to quantify how fluctuations modify the mechanical 
phase behavior of cell aggregates—specifically, the transition 
between a solid-like phase (stable zero-strain state) and a fluid-like 
phase.

We identify a fluctuation-driven transition by the loss of stability 
of the small-strain local minimizer of the effective free energy (58). 
In our setting, the critical point is defined by the vanishing second 

derivative at the zero-strain state:

∂2

∂γ2
(Feff)th,a

􏼌
􏼌
􏼌
􏼌
􏼌
(γ,ξ)=(0, ξ∗eff )

=0 ⇐⇒

(μeff
2 )th,a + K

(
ξ∗eff − ξ∗

􏼁
= 0

(59) 

Using Eqs. (53) and (58), the corresponding critical mean-square 
strain is

􏼊
|γ|2

􏼋th,a
ss,cr =

γ∗

16
1 +

K2λ2γ∗

8 ϵ μ

􏼒 􏼓−1

(60) 

For fluctuation strengths above (60), the zero-strain configura
tion loses stability and the aggregate transitions to a fluid-like state.

Moreover, living cells are capable of regulating their transmem
brane potentials. In the present scenario with electromechanical 
coupling, tissues can actively regulate their stiffness and 
solid-to-fluid transition by manipulating their electric potentials. 
This capability allows them to adaptively respond to varying envi
ronmental conditions and physiological demands. By Eq. (52), we 
find the apparent shear modulus as

μapparent =
∂2

∂γ2
(Feff)th,a|γ=0

= (μeff
2 )th,a + K(ξ − ξ∗)

= μ 1 −
16
γ∗
〈|γ|2〉

􏼒 􏼓th,a

ss
+K(ξ − ξ∗)

(61) 

When μapparent = 0, the system loses mechanical rigidity, consis
tent with the onset of fluid-like behavior. Solving this equation 
yields the critical fluctuation at any prescribed applied electric 
potential ξ:

〈|γ|2〉)th,a
ss =

γ∗

16
1 +

K
μ

(ξ − ξ∗)
􏼔 􏼕

(62) 

Figure 2 shows the phase boundary for solid–fluid-like transi
tions computed using representative physiological values. The 
curve separates the stable (solid-like) region, where γ = 0 is a 
local minimum, from the unstable (fluid-like) region. As fluctua
tions increase or the average potential ξ increases, the tissue 
softens and enters a fluid-like state.

4.3 Electromechanical Responses. The coupling between 
electric potential and mechanical strain in our model enables us 
to study how cell aggregates respond to external stimuli, both elec
trical and mechanical. We explore this behavior through two 
primary perspectives: 

(1) Stress–strain (elastic) response under applied mechanical 
stress

(2) Strain response under applied electric potential (inverse 
piezoelectric-like effect)

We first examine how external shear stress σe modifies the 
mechanical response of the aggregate at the renormalized potential 
ξ̅ = ξ∗eff . The equilibrium shear strain γeq minimizes the effective 
energy including external work:

γeq = argminγ
1
A

(Feff)th,a(γ, ξ̅) − 2σeγ
􏼒 􏼓

(63) 

This leads to the stationary condition:

4γ (μeff
2 )th,a + K(ξ̅ − ξ∗)

( 􏼁
+ 16(μeff

4 )th,aγ3 +
48μ
γ∗2

γ4 − 2σe = 0 (64) 

This is a nonlinear algebraic equation in γ whose solution gives 
the equilibrium strain. Figure 3 plots σe versus γeq for several 
values of active fluctuation strength 〈|γ|2〉th,a

eq . It shows that for 

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
0.04

0.045

0.05

0.055

0.06

0.065

0.07

0.075

0.08

0.085

Fig. 2 Phase diagram for solid-to-fluid phase transition in cell 
aggregates. For chosen numerical values in this work, the 
range of nondimensional x-axis corresponds to the range of 
change in electric potential as (ξ − ξ∗) ∈ [ − 200 mV, 200 mV]
and y-axis as the ensemble average of fluctuations in strain.
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low fluctuation values (below the critical value), the cell aggregate 
behaves like a solid, with a stiff and nonlinear response and for 
fluctuation strengths above the critical threshold, the system 
behaves like a fluid, with a soft and more compliant response.

Next, we fix the external stress σe (e.g., σe = 0.02μ) and vary the 
applied electric potential ̅ξ to study how the electromechanical cou
pling induces strain. For each value of ̅ξ, we compute γeq by solving 
the same minimization condition in Eq. (63).

Figure 4 shows the resulting strain γeq plotted against the nor
malized potential K(ξ̅ − ξ∗)/μ for different levels of fluctuation 
strength of the strain. This emergent electromechanical behavior 

at macroscopic tissue length-scale does not require any piezoelec
tric material properties at the cellular scale.

5 Concluding Remarks
The findings presented here suggest that we must move beyond 

viewing living tissues as static structural scaffolds and instead rec
ognize them as active, stochastic engines [2,3]. Our theoretical 
framework demonstrates that the coupling between electrical 
potential and mechanical strain is not just a secondary feature of 
cellular life; it is a fundamental driver of its physical state. By ana
lytically showing how active noise renormalizes material proper
ties, we have established a mechanistic bridge between the 
microscopic randomness of protein activity and the macroscopic 
fluidity of tissues [40].

In our view, fluctuations can be treated as tunable control param
eters that allow biological systems to navigate between solid and 
fluid phases with exquisite precision. The prediction of emergent 
electromechanical responses, such as the macroscopic inverse 
piezoelectric-like effect, highlights how collective interactions 
can generate sophisticated material properties without the need 
for specialized microscopic prerequisites at the single-cell level. 
This approach potentially opens new avenues for exploring how 
biological patterning and morphogenesis arise not in spite of fluc
tuations, but because of them.
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Appendix: Closed-Form Evaluation of Integral
Let τ > 0, B ∈ Rd×d , and A ∈ Rd×d be a square matrix whose 

eigenvalues all have strictly negative real parts (Eq. (36)). Then, 
the integral

X =:
􏽚∞

0

􏽚∞

0
euA B e−|u−v|/τ evA⊤

du dv (A1) 

is well-defined and solves the Sylvester–Lyapunov equation:

AX + XA⊤ = A −
1
τ

I
􏼒 􏼓−1

B + B A −
1
τ

I
􏼒 􏼓−⊤ 

To see this, we split the integral on the right-hand side of Eq. 
(A1) into the two regions u ≥ v and v ≥ u:

X =
􏽚∞

0

􏽚u

0
euAB e−(u−v)/τevA⊤

dv du +
􏽚∞

0

􏽚v

0
euAB e−(v−u)/τevA⊤

du dv

=: X1 + X2 

For X1, set s = u − v ≥ 0 so that u = v + s and du = ds, giving

X1 =
􏽚∞

0

􏽚∞

0
e(v+s)ABe−s/τevA⊤

dsdv=
􏽚∞

0
evA
􏼐􏽚∞

0
e

s(A−
1
τ

I)
ds
􏼑

BevA⊤
dv 
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Fig. 3 Mechanical response of a cell aggregate with applied 
potential ξ̅ = ξ∗eff.
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Fig. 4 Macroscopic inverse piezoelectric-like response of cell 
aggregate. Equilibrium shear strain γeq is plotted against nor
malized electric potential along x-axis. For chosen numerical 
values in this work, the range of non-dimensionlized x-axis in 
plot corresponds to the range of change in electric potential 
as (ξ̅ − ξ∗) ∈ [ − 200 mV, 200 mV].
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Since eigenvalues of A − (1/τ)I all have negative real parts, �∞
0 es(A−(1/τ)I)ds = −(A − (1/τ)I)−1, hence

X1 =
􏽚∞

0
evA −(A −

1
τ

I)−1B
􏼒 􏼓

evA⊤
dv (A2) 

Differentiating the integrands of X1 and X2 and integrating from 
0 to ∞, we conclude that

AX1 + X1A⊤ = A −
1
τ

I
􏼒 􏼓−1

B, AX2 + X2A⊤ = B A −
1
τ

I
􏼒 􏼓−⊤ 

Let X := X1 + X2. Adding the two identities yields the Sylve
ster–Lyapunov equation:

AX + XA⊤ = C := A −
1
τ

I
􏼒 􏼓−1

B + B A⊤ −
1
τ

I
􏼒 􏼓−⊤

(A3) 

Moreover, suppose that A is diagonalizable:

A = VΛV−1, Λ = diag(λ1, . . . , λd), λi < 0 

Set

Y := V−1XV−⊤, D := V−1CV−⊤ 

Then, Eq. (A3) becomes

ΛY + YΛ⊤ = D 

hence entrywise

(λi + λj) Yij = Dij =⇒ Yij =
Dij

λi + λj
(1 ≤ i, j ≤ d) (A4) 

provided λi + λj ≠ 0. Therefore, the explicit solution is given by

X = VYV⊤, Yij =

(
V−1CV−⊤􏼁

ij

λi + λj
(A5) 
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