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A. Functional derivative of the energy functional13

The internal energy density W (u(x), P (x)) on account of deformation of a dielectric material14

incorporating a flexoelectric term is given as:15

W (x) =
1

2
E1 |u′|2 + 1

2
E2 |u′′|2 + 1

2
E3 |u′′′|2

− fu′′(x)P (x) +
1

2
a|P (x)|2,

(1)

with E1 as the classical elastic modulus, E2, and E3 are the first and second strain-gradient moduli16

f is the flexoelectric coupling coefficient and a = (ϵ− ϵ0)
−1 > 0 is the inverse susceptibility.17

The governing equations for a flexoelectric model involving second strain-gradients can be derived18

starting from a free energy functional and using variational principles to obtain the Euler-Lagrange19

equations. The variational principle for the electromechanical coupling of a deformable body with20

no external body forces and external electric fields can be stated as follows,21

δ

∫ t2

t1

dt

∫
Ω

1

2
ρ|u̇|2

−
(
W [u(x), P (x)]− 1

2
ϵ0|∇ϕ|2 + P (x)∇ϕ

)
dx = 0.

(2)

Here, the dot in u̇ represents derivative with respect to time, ϕ is the electric potential, and ϵ0 is the22

permittivity of the vacuum. Taking variations with respect to u(x) we get the first Euler-Lagrange23

equation governing the mechanical fields:24

− ∂

∂x

(
∂W

∂u′

)
+

∂2

∂x2

(
∂W

∂u′′

)
− ∂3

∂x3

(
∂W

∂u′′′

)
= 0. (3)
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On using the form of W (x) shown in (1), and substituting in the above equation, we get the25

mechanical governing equation26

−ρü = − ∂

∂x

(
E1

∂u

∂x

)
+

∂2

∂x2

(
E2

∂2u

∂x2
− fP

)
− ∂3

∂x3

(
E3

∂3u

∂x3

) (4)

Now taking variations with respect to the polarization gives,27

∂W

∂P
− ∂

∂x

(
∂W

∂P ′

)
+∇ϕ = 0, (5)

and it follows from equations (1) and (5) that,28

P =
1

a
(f

∂2u

∂x2
− ∂ϕ

∂x
) (6)

Finally variations with respect to ∇ϕ recovers the well-known Maxwell’s equation29

∂

∂x

(
−ϵ0

∂ϕ

∂x
+ P

)
= 0 (7)

Using (6), equations (4) and (7) gives the coupled equation for u and ϕ30

−ρü = − ∂

∂x

(
E1

∂u

∂x

)
+

∂2

∂x2

(
(E2 −

f 2

a
)
∂2u

∂x2

)
+

∂2

∂x2

(
f

a

∂ϕ

∂x

)
− ∂3

∂x3

(
E3

∂3u

∂x3

)
,

(8)

and,31

∂

∂x

(
−ϵ0

∂ϕ

∂x
+

f

a

∂2u

∂x2
− 1

a

∂ϕ

∂x
)

)
=

(
−ϵ0 −

1

a

)
∂2ϕ

∂x2
+

f

a

∂3u

∂x3
= 0.

(9)

B. Complex wavenumber and the envelope length ℓ32

Here, we work with the dispersion of the reduced problem, i.e., by Taylor expanding about the33

minimum point. The dispersion relation gives ω as a function of κ34

ω = ω(k), ω′(k+) = 0, ω′′(k+) > 0,

where k+ is the acoustic-branch minimum (the ZGV trap) and ω+ := ω(k+). Fix a real drive35

frequency ω such that 0 < ∆ω := ω+ − ω ≪ ω+. By Taylor expanding ω(k) about k+ and using36

ω′(k+) = 0,37

ω(k) = ω+ + 1
2
ω′′(k+) (k − k+)

2 +O
(
(k − k+)

3
)
. (10)
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Solving ω = ω(k) to leading order gives38

(k − k+)
2 = − 2∆ω

ω′′(k+)
⇒ k = k+ ± i

√
2∆ω

ω′′(k+)
. (11)

Define the (positive) envelope decay length39

ℓ :=

√
ω′′(k+)

2(ω+ − ω)
(12)

so that the two admissible wavenumbers are k± = k+ ± i/ℓ. A time-harmonic field u(x, t) =40

Uei(kx−ωt) therefore behaves, for x > 0, as41

u(x) ∝ eik+x e−x/ℓ,

i.e. it decays exponentially away from the region that supports a real Bloch wavenumber (the defect).42

This is the usual analytic continuation of Bloch waves below a quadratic band edge. Keeping only43

the leading real part of the phase yields the standard ZGV cavity ansatz44

u(x) ≃ U0 e
−|x|/ℓ cos(k+x),

which we used in the main text to evaluate Voc and the modal mass.45

C. First-order frequency shift under small added mass46

Consider the generalized eigenproblem for a time-harmonic mode u,47

Lu = ρω2u, (13)

where L is the (self-adjoint) spatial operator furnished by the sixth-order PDE (including boundary48

conditions), and ρ > 0 is the mass density (operator of multiplication by ρ). Let ∆ρ be a small,49

nonnegative mass perturbation (e.g., a point mass ∆mδ(x− x0) or a thin surface film). Denote by50

λ := ω2 the eigenvalue. The Rayleigh quotient associated with (13) is51

λ(u) =
⟨u,Lu⟩
⟨u, ρu⟩

,

with ⟨·, ·⟩ the L2 inner product. Under a small perturbation of the mass operator ρ 7→ ρ + ∆ρ,52

first-order eigenvalue perturbation theory for generalized self-adjoint problems yields53

δλ = −λ
⟨u,∆ρu⟩
⟨u, ρ u⟩

+O(∥∆ρ∥2), (14)
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where u is the unperturbed eigenfunction normalized arbitrarily (the formula is invariant under54

u 7→ c u). Since λ = ω2, we have δω =
1

2ω
δλ and therefore55

∆ω

ω
= −1

2

∫
∆ρ(x) |u(x)|2 dx∫
ρ(x) |u(x)|2 dx

+O(∥∆ρ∥2) . (15)

For a point mass: For a concentrated particle at x0, ∆ρ(x) = ∆mδ(x− x0). Equation (15) gives56

∆ω

ω
= −1

2

∆m |u(x0)|2∫
ρ(x) |u(x)|2 dx

+O
(
(∆m)2

)
. (16)

Placing the mass at an antinode (|u| maximal) maximizes the magnitude of the downshift, which is57

the gravimetric sensing principle used in the main text.58

D. Alternative defect: softening the first-gradient modulus E1.59

Here, we show an alternative approach to the application by perturbing the first-gradient modulus60

E1. Keep the outside (host) material parameters (E2, B,E3, ρ) in the ZGV window
√
3 < β < 2,61

with β = B/
√
E1E3 and acoustic-branch dispersion62

ω2(k) =
E1k

2 −Bk4 + E3k
6

ρ
, B := F − E2.

Let (k+, ω+) denote the ZGV minimum of the host. Create a narrow defect |x| < w/2 in which63

E1(x) = E1 + δE1, B,E3, ρ unchanged,

with |δE1| ≪ E1. The local ZGV frequency at fixed k = k+ shifts by64

δω0 =

(
∂ω

∂E1

)
k+

δE1 =
k2
+

2ρω+

δE1 +O(δE2
1). (17)

Hence a soft E1 defect (δE1 < 0) lowers the local band edge (δω0 < 0), producing a spectral “well”65

analogous to the +δB case. An exact equivalence at first order is66

δBeq = − δE1

k2
+

, (18)

since
(
∂ω/∂B

)
k
= −k4/(2ρω) and

(
∂ω/∂E1

)
k
= k2/(2ρω).67

Localization condition and envelope length. Drive at a frequency ω = ω+−∆ω with 0 < ∆ω <68

|δω0|. Then outside the defect (E1 unperturbed) the dispersion near k+ yields a purely imaginary69
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detuning k − k+ = i/ℓ, with70

ℓ =

√
ω′′(k+)

2 (ω+ − ω)
,

ω′′(k+) =
4k2

+

ρω+

(
−B + 3E3k

2
+

)
> 0.

(19)

Inside the soft region (ω > ω++ δω0) the wavenumber is real and the defect supports a bound ZGV71

cavity. To leading order the trapped mode for x > 0 is still72

u(x) ≃ U0 e
−x/ℓ cos(k+x),

u′(x) ≃ U0 e
−x/ℓ

(
−1

ℓ
cos k+x− k+ sin k+x

)
.

(20)

Electromechanical readout. Open-circuit elimination gives E(x) = κf uxx(x) with κf = f/(1+73

aε0), hence for a single-ended electrode on x ≥ 0,74

Voc =

∫ ∞

0

E dx = κf [ux]
∞
0 ≃ κf

U0

ℓ
. (21)

Thus softening E1 localizes the mode exactly as in the +δB case and enhances the pickup as75

Voc ∝ 1/ℓ.76

Mass responsivity. For a small point mass ∆m at the antinode x = 0,77

∆ω

ω
= −1

2

∆m |u(0)|2∫ ∞

−∞
ρ |u(x)|2 dx

⇒ Sm :=
∣∣∣∆ω

∆m

∣∣∣ = ω+

ρ ℓ

(
1 +

1

1 + (k+ℓ)2

)−1

,

(22)

using the profile (20). Therefore, reducing ℓ by increasing the softening |δE1| (or by choosing a78

slightly lower drive ω) improves both the frequency responsivity Sm and the electrical signal Voc.79

E. Exact non-local continuum analog80

Exact difference-operator identification and the q-model81

Following Mindlin’s lattice comparison, we first rewrite the exact discrete electromechanical equa-82

tions in terms of finite-difference operators. This yields an exact nonlocal continuum analog which is83

obtained by comparing the coefficients of the derivatives in the continuum model to the coefficients84

of the corresponding difference operator in the lattice model.85

We start from the reduced discrete potential obtained after eliminating the polarization variable86

pn. The reduced potential Vred sums the linear spring energies (K1, K2, K3 for first-, second-, and87

third-neighbors) and subtracts the discrete flexoelectric energy, which is proportional to the square88
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of the discrete second derivative (∆2un := un+1 − 2un + un−1).89

Vred =
∑
n

[
1

2
K1(un+1 − un)

2 +
1

2
K2(un+2 − un)

2 +
1

2
K3(un+3 − un)

2

− f 2
d

2α
(∆2un)

2

]
, ∆2un := un+1 − 2un + un−1.

(23)

For convenience define90

γ :=
f 2
d

α
. (24)

The corresponding equation of motion is91

mün = K1(un+1+un−1−2un)+K2(un+2+un−2−2un)+K3(un+3+un−3−2un)+γ ∆4un, (25)

where92

∆4 := ∆2 ◦∆2, ∆6 := ∆2 ◦∆4. (26)

We now express the second- and third-neighbor differences in terms of ∆2, ∆4, ∆6. A direct93

calculation gives94

∆4un = un+2 − 4un+1 + 6un − 4un−1 + un−2, (27)

hence95

4∆2un +∆4un = un+2 + un−2 − 2un. (28)

Likewise,96

∆6un = un+3 − 6un+2 + 15un+1 − 20un + 15un−1 − 6un−2 + un−3, (29)

so that97

9∆2un + 6∆4un +∆6un = un+3 + un−3 − 2un. (30)

Substituting (28)–(30) into (25), we obtain98

mün = K1∆
2un +K2

(
4∆2un +∆4un

)
+K3

(
9∆2un + 6∆4un +∆6un

)
+ γ∆4un

= (K1 + 4K2 + 9K3)∆
2un + (K2 + 6K3 + γ)∆4un +K3∆

6un.
(31)

Defining99

β1 := K1 + 4K2 + 9K3, β2 := − (K2 + 6K3 + γ) , (32)

equation (31) can be written in the exact factored form100

mün =
(
β1 − β2∆

2 +K3∆
4
)
∆2un. (33)

This is the direct analog of Mindlin’s exact lattice operator form.101
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Bloch-wave symbol and exact q-model. To establish the exact continuum connection, we consider102

a Bloch wave.103

un = U ei(nka−ωt). (34)

Then104

∆2un =
(
eika − 2 + e−ika

)
un = −4 sin2

(
ka

2

)
un. (35)

It is therefore natural to introduce the exact lattice symbol105

q2(k) :=
4

a2
sin2

(
ka

2

)
, (36)

so that106

∆2un = −a2q2un, ∆4un = a4q4un, ∆6un = −a6q6un. (37)

Substituting these into (31) gives107

−mω2un = −β1a
2q2un + (K2 + 6K3 + γ) a4q4un −K3a

6q6un, (38)

or, equivalently,108

mω2 = β1a
2q2 − (K2 + 6K3 + γ) a4q4 +K3a

6q6. (39)

With the one-dimensional mass density109

ρ =
m

a
, (40)

equation (39) takes the exact continuum-like form110

ρω2 = E1q
2 −Bq4 + E3q

6, q2 =
4

a2
sin2

(
ka

2

)
(41)

with the exact coefficient identification111

E1 = a (K1 + 4K2 + 9K3) , (42)
112

B = a3
(
K2 + 6K3 +

f 2
d

α

)
, (43)

113

E3 = a5K3. (44)

Equations (41)–(44) provide the exact difference-operator analog of the higher-order continuum.114

The local second-strain-gradient model employed in the main text is recovered only after Taylor115

expanding116

q2(k) = k2 − a2

12
k4 +

a4

360
k6 +O(k8). (45)
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Inverse design formulas in the exact q-model117

Given a target exact q-model, the microstructural lattice parameters follow directly from the math-118

ematical inversion of the coefficient identifications from (42)–(44):119

K3 =
E3

a5
, (46)

120

K2 =
B

a3
− 6

E3

a5
− f 2

d

α
, (47)

121

K1 =
E1

a
− 4K2 − 9K3 =

E1

a
− 4B

a3
+ 15

E3

a5
+ 4

f 2
d

α
. (48)

These formulas give an exact lattice realization of a prescribed (E1, B,E3) in the q-model.122

To definitively prove that the higher-order gradient parameter space required for zero-group-123

velocity (ZGV) modes is fully accessible and intrinsically stable, we apply this inverse mapping to124

the target ZGV design window utilized in the main text (E1 = 1, B = 1.9, E3 = 1).125

Assuming purely mechanical geometric tuning for the baseline dispersion (f 2
d/α = 0) and a126

normalized lattice scale of a = 2, the inverse equations dictate the required micro-components:127

K3 = 1/32 = 0.03125

K2 = 1.9/8− 6(0.03125) = 0.05

K1 = 1/2− 4(0.05)− 9(0.03125) = 0.01875

(49)

This exact inversion yields strictly positive, physical structural spring constants (K1, K2, K3 > 0).128

This demonstrates that achieving a macroscopic negative first-gradient stiffness stabilized by higher-129

order terms does not rely on physically unstable or active micro-components, but is perfectly130

realizable through modern metamaterials utilizing "long-arm" ligaments.131

How to make E3 large in the exact q-model132

The exact identification (44) shows that133

E3 = a5K3. (50)

Therefore, in this exact setup, the sixth-order coefficient is controlled solely by the third-neighbor134

mechanical coupling K3 and the interaction scale a. In particular:135

1. increasing the stiffness of the third-neighbor path increases E3 linearly;136

2. increasing the interaction span a increases E3 as a5;137

3. the flexoelectric coupling does not directly modify E3 in the exact q-model; it shifts only the138

quartic coefficient B.139

If E1 and B are held fixed, then large E3 is achieved by making the third-neighbor interaction140

dominant, while adjusting K1 and K2 through (47)–(48). For positive couplings, the condition141
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K2 > 0 yields the upper bound142

E3 <
a5

6

(
B

a3
− f 2

d

α

)
=

a2

6

(
B − a3

f 2
d

α

)
. (51)

Thus, at fixed target B, the attainable E3 increases with the interaction scale a, whereas stronger143

flexoelectric renormalization of the quartic term reduces the available design margin for positive144

K2.145

It is also useful to examine the ratio146

E3

E1

= a4
K3

K1 + 4K2 + 9K3

. (52)

For positive springs,147

K1 + 4K2 + 9K3 ≥ 9K3, (53)

hence148

E3

E1

≤ a4

9
. (54)

Therefore, at fixed a, one cannot make E3/E1 arbitrarily large using only positive first-, second-,149

and third-neighbor couplings. The most effective way to increase the dimensionless sixth-order150

stiffness is to enlarge the interaction span a (or, more generally, the effective long-arm coupling151

length) and to make the third-neighbor path dominant. In this sense, the exact q-model makes clear152

that a large E3 is fundamentally a manifestation of large nonlocal interaction length and strong153

third-neighbor coupling.154

Self-sensing voltage (discrete analog of Voc = κf [u
′]). Let a metallized patch cover sites n =155

na, . . . , nb under OC. Charge conservation D = 0 on the patch gives a uniform electric field E =156

−∆ϕ/a and a link-wise relationE =
p

ε0
. The site polarization obtained above is pn = − fd

αOC

∆2un,157

hence158

∆ϕn+ 1
2
= −aE = − a

ε0
pn+ 1

2
=

afd
ε0αOC

∆2un+ 1
2
. (55)

Summing along the patch, the open-circuit voltage is159

Voc =

nb−1∑
n=na

∆ϕn+ 1
2
=

afd
ε0αOC

nb−1∑
n=na

∆2un+ 1
2

=
fd

ε0αOC

(
u′
nb

− u′
na

)
,

(56)

where u′
n+ 1

2
:= (un+1 − un)/a. Equation (56) reproduces the continuum result Voc = κf [u

′] with160

discrete κf = fd/(ε0αOC). In a ZGV cavity u′ varies sharply across the localization length, so161

Voc ∝ (mode amplitude)/ℓ.162
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