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Controlling how waves slow, stop, and localize lies at the heart of modern condensed-matter and
metamaterial physics. Flexoelectricity, the coupling of strain gradients and polarization that is universally
present in all dielectrics, scales with structure size, thus offering a route to size-dependent electro-
mechanics, especially in materials with nanoscale feature size. We show that a suitably designed
flexoelectric medium permits a tunable landscape of band extrema where elastic and electric fields strictly
co-localize, thus leading to localized vibrations, and zero-group-velocity and stationary-inflection modes
that trap energy in place. The resulting defect-cavity modes exhibit dual amplification of open-circuit
voltage and mass responsivity, both scaling inversely with the localization length that is determined by
the curvature of the dispersion curve and frequency shift from the minimum. This framework unifies
nonlocal lattice physics with continuum electromechanics, establishing a continuum route to engineer
and electrically read out band-edge phenomena for ultrasensitive detection and reconfigurable energy

harvesting.
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L. INTRODUCTION

Waves are central to modern technology, spanning
vibrations in mechanical structures, phonons in solids
and electromagnetic fields in devices. The ability to
manipulate wave motion defines what we can measure,
sense, and harness. For decades, researchers have pursued
mechanisms to suppress or eliminate wave propagation—
through phononic and photonic band engineering [1,2],
slow-wave effects, flat bands [3], and zero-group-velocity
(ZGV) modes [4-6]. These efforts aim not merely to
reflect or dissipate waves, but to halt them and localize
energy in space and time. Such nonpropagating modes
promise precise control of resonances, enhanced energy
harvesting, and improved sensitivity in detecting the (even
faint) signals.

Piezoelectric metamaterials [7-12] have been heavily
investigated over the past decade for elastic wave manipu-
lation, including spatial [12], temporal [9,11], and spatio-
temporal [13] modulation and programming, broadly
enhancing the capabilities of mechanical metamaterials
with multifunctionality, such as energy harvesting from
topological and nontopological localized modes and

“Contact author: psharma@uh.edu

2331-7019/26/26(2)/024063(7)

024063-1

defects. However, piezoelectricity is limited to noncentro-
symmetric crystals. On the other hand, flexoelectricity, the
linear coupling between strain gradients and polarization,
is a universal electromechanical mechanism present in
all dielectrics and intensifies at small scales [14-17].
Unlike piezoelectricity, which is symmetry restricted and
typically weakens in thin structures [15,16,18,19], flexo-
electricity can rival or exceed piezoelectric responses in
films and nanostructures [20,21]. This ubiquity and scale-
dependence make flexoelectricity a highly effective mecha-
nism for engineering next-generation electromechanical
devices, such as sensors, actuators, energy harvesters, and
explaining biophysics, among others [22-27].

In parallel, the field of metamaterials has revealed the
potential of engineered geometry [1,28-35] and non-
local interactions. By carefully designing microstructures,
researchers have demonstrated phenomena, such as zero-
group-velocity dispersion minima, flat bands, and topologi-
cal edge states [2,3,36-40]. Yet these achievements have
largely relied on finely tuned lattices and complex archi-
tectures. Here, we demonstrate that a higher-order con-
tinuum field theory can directly produce these equivalent
band extrema in wave dispersion.

To that end, we formulate a second-strain-gradient
flexoelectric continuum theory. This is motivated by
foundational theories of gradient elasticity and by
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discrete-to-continuum mappings that derive first- and
second-gradient models directly from lattice interactions
[41]. Although second-strain-gradient models in elasticity
were proposed by Mindlin in 1965 [42], they garnered little
attention because higher-order elastic moduli are negligibly
small in conventional bulk materials. This historical tra-
jectory closely mirrors Veselago’s [43] theoretical predic-
tion of negative refraction in the 1960s, which awaited the
advent of modern metamaterials for practical experimental
realization. Today, recent advances in laser 3D printing of
nonlocal metamaterials allow us to explicitly tailor the
strength of “long-arm” nonlocal interactions, generating
effective higher-order elastic moduli that are comparable in
value to the classical elastic modulus [3,32,40].

Starting from a variational formulation, we derive
explicit energetic stability conditions that permit negative
first-gradient stiffness regularized by positive second-
gradient terms, thereby expanding the admissible para-
meter space. Within this regime, the dispersion relation
acquires long-wavelength critical points, ZGV extrema,
and stationary inflections—yielding nonpropagating and
nondiffusive modes previously associated with discrete
nonlocal lattices [2,38,44]. We further identify a design
window, governed by the first- and second-strain-gradient
moduli and the flexoelectric coupling coefficient, within
which ZGV extrema and stationary-inflection points exist.

ZGV modes have previously been used in plates and
thin-film resonators for nondestructive evaluation, thick-
ness measurement, and bio-chemical sensing [4-6]. Here,
we show that in flexoelectric continua, introducing a defect
cavity at a ZGV frequency produces stationary modes that
couple mechanical and electrical fields. The same confine-
ment that enhances the frequency shift caused by an added
particle or thin film also amplifies the polarization fields,
yielding open-circuit voltages that scale inversely with
localization length. Analytical scaling laws reveal that both
frequency responsivity and voltage pickup share this 1/
dependence, establishing a dual amplification mechanism.
This self-sensing or the intrinsic coupling eliminates the
need for external piezoelectric layers, glued strain-gauges
or patterned electrodes, providing a compact continuum
route to ultrasensitive gravimetric sensors, frequency-agile
filters, and energy harvesters.

II. SECOND-STRAIN-GRADIENT
FLEXOELECTRIC CONTINUUM

To keep the analysis simple, we consider a flexoelectric
material in 1D and obtain the restrictions imposed on
the possible values of the material coefficients based
on energetic constraints. Consider a 1D flexoelectric
material occupying the domain Q with displacement
u(x) and polarization P(x). The internal energy density
W(u(x), P(x)) on account of deformation of a dielectric
material incorporating a flexoelectric term is given as

1 1 1 ”
W(x) = 5151|“/|2 + §E2|“”\2 +§E3|” ?

— F()P(3) + g al PP (1)

with E as the classical elastic modulus, E, and E; are the
first and second-strain-gradient moduli, f is the flexo-
electric coupling coefficient and a = (e —¢y)~! > 0 is the
inverse susceptibility.

For stability, the internal energy W(x) must be positive
definite for all admissible deformations and polarizations.
This constraint can be satisfied in a crude way by requiring
all the coefficients in (1) to be positive, which is too strict.
Instead, we test positive definiteness using plane wave
fields of the form, u(x) = ii(k)e™*, and P(x) = P(k)e™".
Substituting this, we can write the expression for the
internal energy density in (1) as

1 . 1 N 1 .
W(x) = §E11<2|u|2 +§E2K4|u\2 +§E3K6|u|2

y*My (2)

M= [A(IO sz]’ A(k) = E|k* + E;x* + EskS,  (3)

and, (*) denotes the complex conjugate.

A. Admissible stiffness coefficients from energetic
and dynamic stability

The internal energy is positive definite if the matrix M is
positive definite. By Sylvester’s criteria, the first leading
principal minor of M(x) must be positive, i.e., A(k) =
E\k* + E;x* + E;x® > 0 for all nonzero k, which immedi-
ately follows that £, > 0 and in the short-wavelength or
high wavenumber limit, £5 > 0. The second principal
minor is the determinant, which must be positive that
yields,

detM(x) = A(k)a— f2x* >0, VY x#0. (4)

Introducing, (z = «?), this condition becomes, a(E; +
E 7+ E3z%) — f?2 >0, ¥V z> 0. Rewriting the deter-
minant condition as a quadratic inequality

9(z) = aEy + (aEy — f*)z+aE3z? >0, YV z>0.

&)
A quadratic function is positive for all z > 0 if its

minimum value is positive. The value of minimum and the
minimum value of g(z*), respectively, is
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ak, — f?
z*:—zif and ¢(z*) = aE| —

(aE; — ?)?
2aE3 ’

4aE3
(6)

Requiring, g(z*) > 0, implies the final constraint,

(aE, — f2)2

aE; >
! 4aE3

(7

Note that the above constraint allows E, to be negative.
Thus, all the constraints together on the coefficients for
positive definiteness of the internal energy density are

(aE; — f2)2

E, >0,
! 4aE3

E3 > O, ClEl >

®)

The governing equations for a flexoelectric model
involving second strain gradients can be derived starting
from a free energy functional and using variational
principle. For a body without external body forces and
external electric fields, the principle reads

15} 1
6/ dz‘/—pu2
: 2 i

- (W[u(x), P(x)] — %€0|V¢|2 + P(x)Vqﬁ) dx = 0.
)

Here, it is the time derivative of displacement, ¢ is the
electric potential, and ¢ is the permittivity of the vacuum.

Variations with respect to u(x) gives the mechanical
balance law,

B 0 P ou
—pii = —— -
P ox ox

0’ u 0 u
+—2<E2@—fP>— <E3 >7 (10)

ox o3\ 7P ax®

while variation with respect to P(x) gives the constitutive
relation

a ox?  ox

P:l(faz—u—%) (11)

and, variation with respect to V¢ produces Maxwell’s
equation

P b B
2 <_eoa+p> o, (12)

Using (11), Egs. (10) and (12) give the coupled
equations for u and ¢:

s 0o F ([ P\
il =2 Sl _J\ou
P ox \'ox ox? 2 ) ox?

fop 0 A u
Lt (Ey— ), 13
aox® o3\ ox3 (13)
1\ 0*¢p fodu
—€——|—+=-=—==0. 14
( 0 a) 0x2+a0x3 (14)

Eliminating ¢ using (14) reduces the coupled system to
a single PDE for u(x, 1):

o%u o*u u
—pii = —E1ﬁ+(E2—F)——

o B B

here, we have defined and introduced the constant

F:= g{jffl for notational simplicity. This gives the gov-
erning dynamical equation for the flexoelectric body in
terms of the displacement u(x, ¢). To obtain the dispersion

relation, we assume a plane wave solution of the form:

u(x, t) - U(K, w)ei(loc—wt)’ (16)
with amplitude U and frequency-wavenumber pair (w, k).
Substituting the plane wave ansatz into the governing
Eq. (15) gives the following dispersion relation:

KPE| + (E, — F)x* + k°E5 = pa?,

w— i\/;<2E1 + (E, — F)x* + K6E3. (17

P

Introducing z = k2

relation simplifies to

and B =F — E,, the dispersion

pw?=Ez— B>+ EZ? V (2> 0). (18)

Stationary points of w(k) correspond to the ZGV and
satisfy 42 = 0, which reduces to

E, — 2Bz +3E;z* = 0. (19)

Real solutions exist only if B> 0 and B> > 3E,E;,
giving

B+ /B> —3E,E;

3E, Ky = /24, (20)

4 =

where x_ is a local maximum and «, a local minimum.
Their coalescence gives a stationary inflection at

B
BZZ3E1E3 :>K$:—(> 0), (21)
3E,

where both the first and second derivatives of w(x) vanish.
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Dynamic/energetic positivity requires w?(k) > 0 for all
k, which is equivalent to E; — Bz + E;z> >0 V z > 0.
Because E; > 0, the minimum over z >0 occurs at
7= B/(2E3;) when B > 0, yielding the necessary and
sufficient bound

B<0, or 0<B<2\EE;. (22)

Combining (21) with (22) gives the ZGV/stationary-

inflection-point design window

B F-E

VE\E; EE;'

within which two interior stationary points exist and
w?(x) > 0 for all . Outside this window, the dispersion
is monotone increasing if <0 or 0 < f < /3, while
instability arises if f > 2.

Figure 1 shows the dispersion curves for different
E,/E, values, with ¢, =9.2, E, =3.7 GPa, E;/E, =1,
f=13.19x 107 C/m, and density p = 1.78 x 10° kg/m?
(the values of E;, p, and €, correspond to a realistic
material like PVDF: polyvinylidene difluoride [22.,45],

V3<p<2, Bi= (23)

(b) 35 x10°

3
(@) 35 10

3
25

2

FIG. 1. Dispersion curves for a second-strain-gradient flexo-
electric model obtained for various values of the higher-order
coefficients. In all subfigures, we set E; = 3.7 GPa and
E;/E; =1, and different values of E,/E; are considered:
(a) E,/JE, =—-16, (b) E,/JE, =—1.73, (¢c) E,/E, =—-1.9,
and (d) E,/E; = —1.995. Additional parameters used are rela-
tive permittivity (e, = 9.2), flexoelectric coupling coefficient
(f =3.1x107° C/m), and density (p = 1.78 x 10° kg/m>
[22,45]). For smaller values of E, as in (a), the curve remains
monotonic. The blue square in (b) shows an inflection point
‘327‘5’ = 0. The green circles in (c), (d) indicate the local
minima or the roton points, and the purple triangles in (c),
(d) denote the local maxima where % = 0. Dashed horizontal

lines mark the corresponding frequency levels at these extrema.

where

while the higher-order coefficient values E5, E, are chosen
such that they respect the feasibility constraints in (8)).
By tuning E,, critical points appear: local extrema (ZGV
modes) arise for £, = —1.9 and —1.995 as shown in
Figs. 1(c) and 1(d), while a stationary inflection occurs at
E, = —1.73 as shown in Fig. 1(b). At ZGV, group velocity
vanishes; at the inflection, both first and second derivatives
vanish, producing localized modes that neither propagate
nor diffuse.

III. ZGV DEFECT-CAVITY FLEXOELECTRIC
RESONATOR AS A GRAVIMETRIC SENSOR

The ZGV window /3 < 8 < 2 identified above pro-
vides the operating regime for a defect-cavity resonator: at
the upper stationary point ., the branch has a quadratic
minimum @, with positive curvature @”(x,) > 0, creat-
ing a spectral trap. Near this point, the dispersion is
quadratic,

1
w(K)za)++§w”(K+)(K—K+)2. (24)

Now, we introduce a narrow defect region |x| < w/2
where B(x) = B+ 6B (6B > 0) produces a localized
cavity mode. Driving at a frequency o = o, — Aw, i.e.,
slightly below the minimum frequency, with 0 < Aw <
|0w /0B, 5B produces an evanescent Bloch wavenumber

k =k, £i/¢ outside the defect, with envelope decay
length (see Supplemental Material [41])

" (k)

2w, —w)

(25)

The localized mode has an approximate form (see
Supplemental Material [41])

u(x) = Uy e M7 cos(x x), (26)

with the derivative for x > 0 given by
/ —x/¢ 1 .
u'(x)=Uje™ — 508Ky X — Ky Sinkyx ). 27

To measure voltage, we enforce the open-circuit boun-
dary condition. In the open-circuit condition, the electric
displacement (D) at the electrode vanishes

D:_£0¢x+P:OZ>¢x:P/80 (28)

Using the constitutive (11), the local field reduces to

_
1+agy
(29)

E:_¢x:

———————— Uy = Kflyy, Kpi=
1+a€0 XX f Yxx f
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For a single-ended electrode occupying [0, ) (the
x < 0 side left floating to prevent symmetry cancellation),
the open-circuit voltage is

Uy

Voe = / Edx = kg [u|§ ~xy va (30)
0

Hence, ZGV localization (25) boosts the electrical
pickup as V. «x 1/7.

Mass responsivity (gravimetric sensing): In the gravi-
metric application [46,47], Am denotes the additional
mass carried by the resonator due to analyte adsorption,
a particle/droplet landing on the surface, or a thin film
deposited over an electrode patch. At first order, the
resonance shift depends only on how this mass overlaps
the mode shape.

Attach a small point mass Am at the antinode x = 0.
First-order eigenvalue perturbation for a normalized stand-
ing mode yields (see Supplemental Material [41])

2

Bo_ 1 _amu@F | 5w, @
® 2 [ plu(x)*dx
With the ZGV cavity profile (26),

/oo p lu(x)|?dx = pU} /oo e 277 cos? (i, x)dx

[Se]

¢ 1
—o2 i — 32
pUOz( +1+(K+f)2>’ G2

and |u(0)> = U3. Therefore, the absolute mass respon-
sivity is (see Supplemental Material [41])

Aw w 1 -1
S, =|—|=—"Z(14+——=] . 33
" ‘Am f( +1+(K+f>2) &9

Equation (33) shows the key ZGV advantage: making
the trap tighter (smaller £ via a modest detuning @, — w or
a slightly deeper defect 6B) simultaneously increases both
frequency responsivity S,, and electrical pickup V. (30).

IV. DISCUSSION AND CONCLUSION

In summary, we have presented a second-strain-gradient
flexoelectric continuum that extends classical models by
incorporating higher-order gradients and electromechani-
cal coupling. This expands the design space for flexo-
electric metamaterials, without limiting us to piezoelectric
metamaterials or complex mechanical unit cells, enabling
tailored electromechanical responses through the engineer-
ing of structural nonlocality, and establishing a route to
a new class of high-performance, wave-based devices.
Currently, there are existing periodic phononic metama-
terials (no electromechanical consideration) [2,37,38] that
exhibit dispersion features (critical points) similar to those

highlighted here in Fig. 1. This suggests, at the very least,
that the proposed second-strain-gradient model can pro-
vide a good continuum approximation for such nonlocal
metamaterials. Importantly, in flexoelectric media the
coupling between mechanical (displacement) and electri-
cal (potential) fields makes the existence of these critical
points even more desirable for applications of energy
harvesting and sensing.

Our energetic analysis yields explicit stability condi-
tions that permit negative first-gradient stiffness stabilized
by higher-order terms and produce interior extrema in the
dispersion. Within the stability window \/5 < f <2, the
spectrum hosts ZGV modes and stationary inflections,
enabling nonpropagating, nondiffusive wave trapping.

Self-sensing at band extrema: An engineered localized
defect in this window creates a compact ZGV cavity whose
envelope length ¢ controls both mechanics and electrical
transduction. Enforcing D = 0 fixes the open-circuit field
and gives

VOCNKfﬂ’ szz'& N&’

4 Am 4

so localization (smaller £) co-amplifies the measured
voltage and the gravimetric responsivity. This curvature-
flexoelectric synergy makes the effect impactful beyond
nanoscale devices: although intrinsic f is modest, ZGV
traps generate large u” locally, and the product x,u" yields
strong on-chip signals at microlengths.

Electrical reconfigurability with fixed mechanics: The
same electrode used for readout also tunes the effective k*
coefficient B = F' — E, via electrical termination (OC/SC
or a shunt), enabling in situ creation, motion, and deep-
ening of ZGV traps without altering geometry or materials.

Flexoelectric self-sensing is symmetry-agnostic, com-
patible with centrosymmetric dielectrics and composites.
Furthermore, these bulk ZGV modes remain robust against
surface-symmetry breaking. While inversion symmetry is
broken at surfaces, potentially inducing surface piezoelec-
tricity, this effect is typically localized to the atomic scale
and acts as a minor perturbation to the bulk structural
dynamics. Mathematically, surface piezoelectricity pri-
marily renormalizes the local stiffness E;, whereas the
ZGV trap is dictated by the nonlocal curvature terms B and
E;. Provided the effective, renormalized parameters remain
within the identified stability window (\/§ < f <?2), the
band-extrema features are preserved. While the present
treatment is one-dimensional, the mechanism is not
restricted to 1D. In beams, plates, and fully two- and
three-dimensional continua, the tensorial forms of second-
strain-gradient elasticity and flexoelectricity [42] permit
the same competition between local stiffness and higher-
order nonlocality that generates interior band extrema.
Transverse branches and multimode coupling will gener-
ally shift or hybridize these extrema, but need not destroy

024063-5



DESHMUKH, MAHAJAN, ERTURK, and SHARMA

PHYS. REV. APPLIED 26, 024063 (2026)

them; along principal or high-symmetry propagation direc-
tions, zero-group-velocity points and stationary inflections
can persist when the relevant branch remains sufficiently
isolated and its effective coefficients stay within the
corresponding stability window. This is consistent with
recent higher-dimensional observations of roton-like
extrema in nonlocal metamaterials [2,36,38,40].

Architected “long-arm” (third-neighbor) couplings dis-
proportionately raise the effective sixth-order modulus E3
(large weights into E;: B: E;), furnishing a practical
path to continuum sets that satisfy the ZGV window
while preserving stability (see Supplemental Material [41]
for an effective continuum obtained from discrete lattice
microstructure).

The framework characterizes a stability criterion,
dispersion design rules, and testable scalings, for self-
sensing, electrically reconfigurable ZGV resonators. The
combination of compact footprint, direct electrical read-
out, and reconfigurable dispersion suggests a pathway
to high-sensitivity gravimetry, thin-film metrology, and
aerosol/bio-mass detection.
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